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PREFACE. 



Thb multiplication of Mathematical Text-Books, within 
the past few years, may be thought to have exceeded 
the demands of Science, and to have retarded, rather 
than advanced, the interests of Education. But this may 
not be so. 

A text-book should be the living mind of its author, 
to be read and studied by those whom he would 
instruct. Every fall and complete system of instruction 
is made up of many parts, wisely adjusted and carefully 
balanced. Hence, each part must bear a due proportion 
to all the others; and should, as far as possible, be 
developed after the same model. 

The Mathematical Department of Columbia College has 
been confided to a Professor and an Adjunct Professor; 
and the duties of instruction have been divided between 
them. Under this arrangement, the College is entitled 
to their joint labors — ^not only in the lecture-room, but 
also, in the preparation of suitable text-books. 

• • • 

ni 



IT PBEFAGB. 

Mb. Peck, the Adjunct Professor of Mathematics, has 
been so kind as to place at my disposal all the methods 
of elementary instruction in Algebra, which he has 
wrought out and Qmjdoyed, with great success, for many 
years. Those used in the deyelopment of the Binomial 
Formula are deemed worthy of special notice. 

It is the design of this work, so to treat the science 
of Algebra, that its peculiar logic may be strikingly ex- 
hibited in the harmonious combination of its principles, 
to the end that mental training may result from their 
contemplation; and to show, at the same time, the appli- 
cation of those principles in a carefully arranged series of 
graded Eiramples. 

Columbia Collkok, I 
TSimw ToBi, JiffM, l&Ml I 
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ELEMEl^TS OF ALGEBRA. 



INTRODUCTION. 

* 

1. QuAimTY is anything that can be measured. 

To measure a thing, is to find how many times it con- 
tains some other thing of the same kind taken as a 
standard. The assumed standard is called the unit of 
measure. A quantity may be measured by a direct appli- 
cation of the imit of measure, or the measurement may be 
made indirectly by comparing it with some other quantity 
whose measure is known. 

S. The unit of measure being always of the same kind 
as the thing measured, there must be as many kinds of 
quantity as there are species of units. 

In pure Mathematics there are but eight species of units, 
and consequently but eight kinds of quantity, viz. : Units 
of Number^ Units of Currency^ Units of Weighty Units of 
Time^ Units oi Lengthy Units of Surface^ Units of Yolume^ 
and Units of Angular Measure, The first four kinds of 
quantity are Arithmetical^ the last four are Geometrical ; 
and these two classes fonn the entire subject of mathe- 
matical inquiry. By comparing quantities with each other, 
we arrive at a knowledge of their properties and relations. 

1* 
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8. Mathematics is the science which treats of the pro- 
perties and relations of quantities. 

4. The conventional methods of representing quantities, 
and the laws for combining the symbols employed, consti- 
tute the LANGUAGE of Mathematics. Every branch of 
Mathematics has its own special language, which is but a 
dialect of what may be called the universal language of 
Mathematics. 

5. The Science of Mathojuatics is divided into three 
principal branches, the basis of classification being the 
nature of the language employed. These branches are : 

Ist. Arithbietic, in which the quantities considered are 
expressed by figures and combinations of figures ; 

2d. Analysis, in which the quantities considered are 
represented by letters, or by combinations of letters and 
figures, and in which the operations to be performed are 
indicated by signs ; 

Sd, Geometry, in which the quantities considered are 
represented by pictorial symbols. 

The methods of reasoning are essentially the same in 
each branch, the language alone being different. 

By combining the three branches. Arithmetic, Analysis, 
and Geometry, all the subordinate branches of mathe- 
matics are obtained. 

6. Algebra is a branch of Analysis; it is, indeed, the 
foundation of all the other branches of Analysis and its 
applications. 
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CHAPTEK I. 

DBFnnTIONS AND EXPLANATION OP SIGNS. 

1. Algebra is a branch of Mathematics in which the 
quantities considered are represented by letters, and the 
operations to be performed are indicated by signs. 

2. The quantities employed in Algebra are of two 
kinds: 

Ist Known Quantities^ those whose values are 
given; and 

2d, Unhnovm Q^antitie8^ those whose values are 
required. 

Knovm Qtiatitities are generally represented by the 
leading letters of the alphabet ; as, «, ^, c, &c. 

Unknown Quantities are generally represented by the 
final letters of the alphabet ; as, cc, y, 2, w^ &c. 

When, in the course of an operation, an unknown 
quantity becomes known, it is often found convenient to 
represent it by one of the final letters, with one or more 
accents, as, a;', y", 2'", &c. These symbols are read, 
a' prinie^ y" second^ z'" thifd^ &c. 

8. The signs employed in Algebra are of three kinds : 
fflgns of operation, signs of relation, and signs of abbre- 
viation. 
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4. The Signs of Operation are the following : 

\8t. The Sign of Addition^ + , called p^us. When 
placed between two quantities, it indicates that the second 
is to be added to the first. Thus, the combination, a-\-h^ 
read, a plus 5, indicates that h is to be added to a. 

2d. Sign of Subtraction^ — , called minus. When 
placed between two quantities, it indicates that the second 
is to be subtracted fi'om the first. Thus, the expression, 
c — dy read c minus df, indicates that df is to be sub- 
tracted fi'om c, 

Sd. The Sign of Multiplication^ X. When placed 
between two quantities, it indicates that the first is to be 
multiplied by the second. Thus, the expression, x x y, 
indicates that x is to be multiplied by y. Instead of 
the sign of multiplication, a simple point is sometimes 
used; or, when the factors are letters, they may be writ- 
ten one after the other, without any intervening sign. 
Thus, the expressions, a^ x b x c^ a^,b. c, and a^bc^ have 
all the same meaning. A factor^ is any one of the mul- 
tipliers o^a product. 

4th, The Sign of Diiyision^ -^. When written be- 
tween two quantities, it indicates that the first is to be 
divided by the second. Thus, the expression, p -- q^ indi- 
cates that p is to be divided by q. The operation may 
also be expressed by writing one quantity over the other, 
in the form of a fi*action ; or the sign of division may be 
replaced by a straight or curved line. Thus, the expres- 

sions, p-^qt -, and p\q^ are all equivalent. 

5th. The JEJxponential Sign. The exponential sign is a 
number written at the right and above a quantity, and 
indicates the number of times which the quantity is to be 
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taken as a factor. In the expressions, (X% (X^, a*, a*", 
the numbers 2, 3, 6, m, are exponents, and indicate sev- 
erally, that the quantity a is to be taken, 2, 3, 6, m 
times as a factor. The resulting products are called 
powers, 

Qth. The JRadiccU Sign^ ^/T When placed over a 
quantity, it indicates that a root of that quantity is to be 
extracted. The nature of the root is indicated by a num- 
ber placed over the radical sign, called an index. Thus, 
the expressions, yS^ \/a^ \f^'i indicate that the square^ 
cube^ and n*^ roots of a, are to be extracted. 

When no exponent is wiitten over a quantity, the expo- 
nent 1 is always understood. When no index is written 
over the radical sign, the injdex 2 is understood. 

*Ith. The sign + , is sometimes called the positive 
fiign, and quantities before which it is written are called 
positive quantities^ or additive quantities. 

Sth, The sign — , is sometimes called the negative sign, 
and quantities before which it is written are called negor 
tive quantities^ or subtra^ctive quantities, 

9th, The Double Sign db , read plus and min/us^ is 
often used to indicate that the quantity before which 
it is placed, is first to be added to, and then to be sub- 
tracted fi'om the preceding quantity. Thus, the expression, 
p db y^ is equivalent to the expressions, p + y^ and 

p-Vq. 
When no sign is written before a quantity^ the sign + 

is understood. 

5. The Signs of Relation are the following : 

IsU The Sign of Equality^ = . When written be- 
tw^n two quantities, it indicates that they are equal to 
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each other. Thus, the expression, a = nbj indicates that 
a is equal to the product of n and b, 

2d, The Sign of Inequality^ < , > . When written 
between two quantities, it indicates that they are unequal, 
the greater one being placed at the opening of the sign. 
Thus, the expressions, a > 5, c < c?, indicate that a is 
greater than 6, and that c is less than d. 

Sd, The Signs of Proportion^ : ::':.' The single 

colon stands for, is to; the double colon for, as. Thus, 

the expression, 

a : b : : c : dy 

is read, a is to b^ as c is to d, 

4th. The Sign of Variation^ a . When written 
between two quantities, it indicates that they increase or 

diminish together. Thus, the expression, a oc -, indicates 

c 

that a varies as - ; that is, that a and - increase or 

c' ^ c 

decrease together. 

6. The Signs of Abbreviation are the following : 

1st. The Sign . • . stands for hence^ or consequently. 

2d. The Sign •.• stands for because. 

Sd. The Vinculum^ , the Bar^ \ , the Parenthe- 

sis, ( )? the Brackets^ [ ], \ [, are employed to con- 
nect several quantities, all of which are to be opera- 
ted upon in the same manner. Thus, the expressions, 



a 



«, 



{a-k-b + c) X aj, 



a + b + c X Xy +b 

\a + b+c\xxy \a-\'b-\-c\ XX, 

all indicate that the sum of a, J, and c, is to be multiplied 
by X. 
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7. A Coefficient is a uumber written before a quantity, 
to show how many times it is to be taken additively. 
Thus, the expression, Sa^^ is equivalent to a^ + a^ + a^. 
The number 3 is the coefficient of a^. The coefficient 
may be either mcmenccU or literal. Thus, in the expi*os- 
sions, 3ar^, Sax\ (a -f ^ + c)x\ the quantities 3, 3a, and 
{a -h b + c), are coefficients of x^. When no coefficient 
is written,- the coefficient 1 is uitderstood. 

8. A Term is an expression of a single quantity. Thus, 
a^ 2a^b^ — - aa^, are terms. 

9. A Monomial is a single tenn, unconnected with 
any other by the signs 4- or — . Thus, Sa^^ la^bc^ are 
monomials. 

10. A Polynomial is a collection of terms connected 
by the agns + or — . Thus, Sa^b + c — c?, h d^ 

o 

are polynomials. 

11. A Binomial is a polynomial of two terms; as, 

c + d, {e+f)x, ^^ + y- 



13. A Trinomial is a polynomial of three terms; as, 

a + b -\' c^ m? — 2xy + y% — a -\- ^b^ + x. 

The degree of a term is the number of its literal factors. 
Thus, the teim 3a is of the first degree, because it con- 
tains one literal factor; the term -- ^c^ is of the second 
degree, because it contains two literal factors; the tenn 
— o^boi? is of the sixth degree, because it contains six 
literal fiictors. The degree of a term is determined by 
the sum of the exponents of all its letters. 

Two terms are Jwmogeneoua^ when they are of the 
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same degree. Thus, the terms Sa^bx and y^z are homo- 
geneous, as are the teims a^b^c and Ysc^y^. 

13. A Polynomial is homogeneoits when all of its 
terms are homogeneous. Thus, the polynomial a^bc — 
*l(xx^ + Sb^c^ is homogeneous, whilst the polynomial Sa^b 
— la^c + 8x^ is not homogeneous. 

Two terms are similar or like, when the combination 
of literal factors is the same in both. Thus, the terms 
Sx^yz and — Wyz^ are similar, as are also the terms 
25a^bcd^ and 2a^bc€l'^. In order that two terms may be 
similai*, they must contain the same letters, and each 
letter must have the same exponent in both. The terms 
Sa^b and — *ldb^ contain the same letters, but are not 
similar. 

14. The Reciprocal of a quantity is 1 divided by that 

lie 
quantity: thus, -, — — i> ;>> ^> ^^® reciprocals of the 

quantities a^ a + b^ - and - respectively. The pro- 

c X 

duct of any quantity by its reciprocal, is equal to 1. 

Thus, a5 X -T is equal to 1. 

15. The Numerical Value of an expression, is the 
result obtained by- assigning numerical values to each 
letter which enters it, and then performing all the oper- 
ations indicated. Thus, the numerical value of the 

expression, 

ah + ac + bc^ 

when a = 2, 5 = 3, and c = 4, is 

2X3 + 2X4 + 3X4 = 26; 
by performing the operations indicated. 
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EXAMPLES. 

Find the numerical values of the following expressions, 
when a = 2, ^ = 3, c = 4, and d= 5. 

1. (zb + cb. 

2. ad — d + b, 

3. be + ab ^ c, 

4. {be + a) b^~ 

5. {bd -r- a) (ac — d). 

6. {d +c) {d-- c). 

c 

8. (a^-b) (c + d). 

9. aJ)c -\- cd+ ad. 

10. — ~ — X (c + d). 

Rnd the numerical values of the following expressions, 
when a = 6, b = 2. c = 4, and d=S, 

a b c — d c + d *** 

12. (^Xd) ^ (^ + d). Arts. 4.6875. 

13. , , , , ' — • Am. 121. 

aoca + 1 

* a + b^d '^ 2b + c 2c + d 

A91S. 15. 

-4/w. 2|. 
16. < \_a + b X c + dli b + al X c. Ana. 268. 



Ans, 


18. 


Ans, 


8. 


Ans. 


14. 


Ans. 


42. 


Ans. 


39. 


Ans. 


9. 


Ans. 


7. 


Ans. 


9. 


Ans. 


54. 


Ans. 


18. 


cpressi 


ons, 

A 
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CHAPTER II. 

FUNDAMENTAL OPERATIONS. 

ADDITION. 

16. Addition is the operation of collecting several 
quantities, and finding the simplest expression for their 
aggregate. This expression is called the Sum. 

IV. When the quantities are similar, the addition may 

be performed; when they are not similar, the operation 

can only be indicated. Thus, the sum of la^h and 4a2J, 

is \\d^b\ in the same way that the sum of 7 pounds and 

4 pounds, is 11 pounds. The sum of ^a?c and 4^^^ cannot 

be expressed by a single term, any more than the sum * 

of 3 pounds and 4 feet ; the sum is indicated, however, 

by writing the quantities one after the other, with their 

proper signs ; thus, 

3ao2 -f 452. 

1§. To deduce a rule for adding similar terms, let us 
take the following examples : 



(1-) 


(2.) 


(3.) 


(4.) 


+ ^a^hc 


- 2a^be 


4- 4a2Jc 


— Qa^c 


+ a?hc 


— Zd^bc 


— 2a^bc 


4- ba^bo 


-f Za?hc 


— a%G 


4- 7a^bG 


— 2a^bc 


-f ba^ba 


— Sd^bc 


— ba^bc 


+ Za^bc 


4- 16«2ftc 


- Ua^be 


4- 4.a%c 


— 2a^bc 
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In the first example, the quantity a^hc is taken posi- 
tively, Y + l + S + S, or 16 times, and the sum is 
+ IBa^Jc. In the second example, the quantity is taken 
negatively, 2 4-3 + 14-8, or 14 times, and the sum is 
— 14a*^6c. In both cases, the sum is found by adding the 
coefficients, annexing the common literal part, and pre- 
fixing the common sign. 

In the third example, the quantity d?-hc is taken posi- 
tively, 4 4- '7? or 11 times, and negatively, 2 4-5, or 
7 times, and the sum is 11—7, or 4 times a^hc. In 
the fourth example, the quantity d^hc is taken, additively, 
6 + 3, or 8 times, and negatively, 8 + 2, or 10 times, 
and the sum is 8 — 10, or — 2 times oij^hc. 

In like manner, all other groups of similar quantities 
may be added. Hence, the following rule for adding 
similar quantities. 

B F L E. 

Add the coefficients of the positive terms and of the 
negative terms separately ; subtract the lesser sum from, 
the greater^ prefixing the sign of the greater; then annex 
to this result the literal part. 

19. In adding polynomials together, which contain 
several groups of similar quantities, it will be found more 
convenient to write them dovm, so that each group of 
similar quantities may fall in a column by itself. 

We may, therefore, wvite the following rule for the 
addition of algebraic quantities : 

EULE. 

L Write down the quantities to be added^ so that 
similar term^ shall fall in the same column. 
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n. Add up each column separately^ and then annex 
the dissimilar terms with their proper signs, 

EXAMPLES. 
(1.) (2.) (3.) 

3a — 3bx c+ bx^ + d Zx^y — Zy^ -- 4y ^ z 

9a — 5bx 4c — 2bx^ — 2d Sx^y + ly^x — 8y 
5a — 4:bx 6c 4- 3Ja;2 g^j^y — 5y^x -f- 5y 



ila — I2bx 10c + 2bx^ — d Ux^y — y^aj — 7y -4- 2 

(4.) (6.) 

4a + bc-h 5d 4cx^ + 5dy^ — 2z^ -{- d 

2a 4- 25c + Sd Scofi — 2dy^ — 2s3 — rf 

3a — 36c — 2ca;2 — dy^ + Sz^ • 

9a + %d bcx^ + 2dy'^ + 2^ 

(6.) (7.) 

4a5 — 4c 4- 2(a + b) \2x^y + 2(a 4- b)z^ 

3a5 4- 5c + 5(a + 6) - lla^y - (a 4- ^^ 

a^> 4- c + 3(a 4- b) ' 4a;2y + 4(a + 6)s2 

- 2ab 4- Vc - 4(a 4- 6) — 3aj2y 4- 2(a H- J)s2 

— ab— c — 2(a + J) a^y 4- (a 4- b)z^ 
hab 4- 8c 4- 4(a + b) 3aj2y 4- 8 (a 4- b)z^ 

Find the sums of the following polynomials : 

1. a4-54-c, a4-5 — c, a — 54-c, and — a 4- J 4- c. 

Ans, 2a 4- 25 4- 2c. 

2. 2aa; + 35y, 3aa; 4- 25y, *lax 4- by^ and Sao; 4- 75y. 

-.4w^. 20aa; 4- 135y. 
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8. 2a2- 11 ab + 3^2, 5a2-f I2ab — 5b\ eab + 12a2— 92»2, 
and 3^2 ^ 6^ J + 3^2^ j^^g^ 22a2 + 7a2» — SP. 

4. a^ — y3 4- 2ici/2 _ 3a.2y^ 2^3 — 3a;y2 _ 53.2^ _^ 2y3, 
BiB^y + 6a^2 — ic^ — y3, and Sicy^ _ 2^/^ — 4aj3 -|- Saj^y. 

-^I7i5. — 2a?* + 6aj^y + lOay^ — 2y3. 

6. 2a;+32/— 4s-10, 8y— 4iB+72+8, ll25+5a;— lOy— 2, 
and 16 + 10a; + 12y + 142. 

A718, 13a; + 13y + 2825 + .12. 

6. 3a;3 + 2y3 +23 + 8xyz, y^ + 2a;3 ,— 3s3 - 4a;i/2, 
s^ + 3a;3 _ 22/3 — 2xyz^ and sya; + a;^ + y^ _|_ 2^. 

-4/15. 9a;3 ^ 22/^ -\. Sxi/z. 

7. a* + 3a;3y _(. 3.22 __ 2a;y, 30a;* — 29x^z + 18a;y — l^aj^y, 
220^1/— 15qc^—S2x^z-^16xv, and lYa;^^— 12a;*+6a;3y— lla;y. 

-^Iw5. 4a;* + 14a;3y — 433522 ^ 21a;y. 

8. ax ■— by^ » — y? aa; — a;, and ax -^ x. 

Ans, Sax + x — by — y, 

9. 6KB + 25a; + 4by — 3ay, 2aa; + ^ + 2ay — by, and 
4rta; + 3by. Ans. lax + Sbx + 65y ~~ ^2/* 

10. px + qy -\' rz — c^ 2px — 2qy + 2c, Zqy — jt?a; + 4c, 
and *Jpx ~ 82^^ — ra — 3c. -4/i5. 9px — Bg^y + 2c. 

11. aafi + a^a; — 2aa;, x — ax + 2x\ ax^ — 2a; + x\ 

and — 2aa; — 2a^a; -- 2aa;''*. 

Ans, 3a;2 — a^x — box — x. 

12. dh^ — ajs^ — ^, ax — x^—a^ ^2a'^^2a'^x — 2ax\ 
and — Sa^a; + 3a2 + 3aa;2. Ans. — i^a^x — 2x^ + aa-. 

13. a — X + 4y — Zz + Wy z — w — y — Za — 2x, and 
X + y + z. Ans. — 2a — 2a; + 4y — 2. 
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14. oaj^y + &eyV + cx2^^ dxxf^o? + cx^^ and 2aa^ + 
^hdx. Ans. dax^y + hxy^^ + dxy^z^ + 2cx^ + 4:hdx. 

20. The term aum^ in Algebra has a more extensive 
signification than in Arithmetic. In Arithmetic, the sum 
is always greater than either of the parts; in Algebra, it 
may be numerically less than either. Thus, the sum of 
^a^h and — 4a2^, is Za^h, To distinguish between these 
cases, the sum of two or more algebraic quantities, is 
called their algebraic sum. 



SUBTRACTION. 

21. Subtraction is the operation of finding from two 
given quantities a thu-d, which, being added to the second, 
will produce the first. . 

The first is called the Mlrmend^ the second the Sub- 
trahend^ and the third the Remainder^ or the Difference, 

22. To demonstrate a rule for Subtraction, let the 
sum of the terms of the minuend be denoted by m^ and 
the sum of the terms of the subtrahend by s; from t]ie 
definition, the remainder must be such a quantity that, 
being added to s, will produce m ; it is, therefore, m — «, 
which is equivalent to m -\- {^— s). Hence, the remain dei 
is foi nd by changing the sign of the subtrahend, and 
adding the result to the minuend. Changing the sign of 
the subtrahend, is the same as changing the signs of all 
Its terras, from + to — , or from^ — to -|-. 

In practice, it will be found convenient to writ<5 the 
quantities so that similar terms shall fall in the same 
column. We may therefore write the following 
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B F L E. 

I. Write down the quantities so that the terms of 
the subtraJiend shall fall under the similar ones of the 
minuend. 

n. Conceive the signs of all the terms of the subtror 
hend to be changed from -f- to — , or from — ^o 4-j 
and proceed as in Addition, 





EXAMPLES. 




(1.) 


(2.) 


(3.) 


(4.) 


I2db 


Sa'^bc 


13a»J 


6a^J«c 


%ab 


4a^c 


Qa"^ 


"la^b^c 


6ab 


4a^c 


4a«5 


SopMc 


(6.) 


(6.) 


(^.) 


(8.) 


7ac 


lOb^d 


- ^a^bc 


— 3a^6» 


— 4ac 


- z¥d 
U¥d 


+ Za^bc 


— 5a*5" 


Hoc 


2a*&" 


(9.) 


(10.) 




(11.) 


6a2 — Sb 


3/^2 _ 4/J.2y ^ 


8 


4aj?/2 4- 42 


3a2 — 5b 


bx^ — %x^y — 


3 


- 3aJ2/2 + 725 — 6aj3 


Sa^ — Sb 


— 2x^ + 2x^y + 


11 


Ixy^ — 32 + 6053 



12. From 2a -{- b — c^ subtract a — b, 

Ans. a + 2b -— c. 

13. From Sac — 25, subtract a^ '— b — d. 

Ans. 2ac — b + d. 

14. From 6a5— 6, subtract — 2a5 + 6. 

Ans. ^ab --12. 
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16. From 4y2 — 3y + 4^ subtract 2y2 4. 2y 4- 4. 

Ans. 2y2 — 5y. 

16. From 219a^ — HYa^ft + 21Sab^ + 145J3 gubtracst 
26a3 + 4a2ft + Glo^^ - 10b\ 

Ans. 193a3 + Ulab^ - 121a2J + 1555*. 

17. From a — a? + 2y — 3s + «^» subtract 2a; + 3a 

— y + 2 — «^. Ans. — 2a — 3a; + 3y — 42 4- 2i/7. 

18. From 5x^ + a;2y _ 6jcy2 + y-, subtract 3a;3 -f- 4a;2v 

— Ixt/^ + y^ — a!y^. Ans. 2qi^ — 3a;2y + ay^ + a^^ 

19. From y* — 4a^3 4, Ya^yz — a^^ 4- 3a;*, subtract 
2a;* + 3a;3y + x^y^ + xy^. 

Ans. a;* — 4a;3y + 6a;^y^ — 6a;y3 4. y*. 

20. From 2poi? + ry'^ — Sg'a^, subtract px^ + qxy — ry^, 

Ans. px^ — 4$'a;y + 2ry^. 

21. From 2a;3 — 3a;^y + 2a^^ subtract x^ — xy'^ + y\ 

Ans. x^ 4- Sxy^ — 3ar2y — y^. 

22. From Ya;^— ccys+lSs, subtract '-Bx^---2xyz—p—q 

Ans. lOx^ + xyz+ ISz+p + q 



3 



33. The term difference, in Algebra, has a more exten- 
sive signification than in Arithmetic. In Arithmetic, the 
difference is always less than the minuend ; whereas, in 
Algebra, the difference may be greater than the minuend. 
Thus, the difference of ^a^b and — 4d^b, is lla^j. To 
distinguish between these two cases, thelldifference of two 
algebraic quantities is called their algebraic difference. 

24. To indicate that one polynomial is to be subtracted 
from another, we enclose it in a parenthesis, and write it 
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after the other, prefixing the sign — ; thus, the expres- 
sion, 

indicates that the polynomial hc^ — ad^ + y is to be 
taken from the polynomial a^ -f U^x — yh Performing 
the operation indicated, by the rule for subtraction, we 
have the equivalent expression, 

a^ -h 5^ -\- ij^ — hc^ -\- ad^ — y. 

The latter expression may be changed to the former, 
by changing the signs of the last three terms, inclosmg 
them in a parenthesis, . and prefixing the sign — . In 
like manner, any other polynomial may be transformed, as 
indicated in the following example : 

4a;* — li^y + ix^z — 2zo + 10, 
4iB* — (14a;^y — ^x^z -{- 2w — 10), 
4iB* — 14a;3y — (— ^x^z + 2to — 10), 
4jb* - 14i»3y ^ 4^.22 _ (2w — 10). 

These expressions are all equivalent, the first form being 
the simplest. 

EXAMPLES. 

Reduce the following expressions to their simplest form : 

1. 27^ — Zx^y + 2xy^ — (aj3 ^ ^3 _ ^^2), 

Ans. 35^ — Zx^y + Zxy^ — y^. 

2. 8a5 — {a; — 3a — (2y — a)]. 

9 Ans. 2a5 + 2y + 2a. 

8. aa - (ft2 - c2) - {^2 - (c« _ a^)} + c^ - {P - a'). 

Ans. a^ — 352 + 3c». 

4. 05 + y'+ « - (a — y) - (y - 2) — (- y). 

Ans. 2y + 22. 
2 
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25. From the preceding principles, we have 

a — (S- i) equal to a — b; and 
a -f- {-^ b) equal to a -\- b. 

The sign immediately preceding by is called the Si^ 
of the Quantity ; the sign preceding the parenthesis, is 
called the Sign of Operation ; the sign resulting from the 
operation, is called the Essential Sign, It is plain, that 
when the sign of the quantity is the same as the sign of 
operation, the essential sign will be + ; when the sign, of 
the quantity is contrary to the sign of operation, the 
essential sign will be — . 



MULTIPLICATIOlsr. 

26. Multiplication is the operation of finding the 
product of two quantities. 

The quantity to be multiplied, is called the Multipli- 
cand ; that by which it is to be multiplied, is called .the 
Multiplier ; both are called factors of the product. 

27. To deduce a rule for multiplying one monomial 
by another, take the two monomials, Za^b and Aahc. The 
product is indicated thus, 

Za^b X 4abc. 

But it has been shown in Arithmetic, that the order of 
the factors may be changed without affecting the value 
of the product. The factors of the same kind may there- 
fore be written together, giving, 

3 X iaaabbc; 
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or, simplifying the form of the expression, we have, 

Sa^b X iabc = Ua^b^c. 

In like manner, the product of any two monomials may 
be found. Hence, the 

RULE. 

Multiply the coefficients togetJier for a new coefficient ; 
vyrite after this^ all the letters in the two monomials^ 
giving to each letter an exponent equal to the sum of its 
ea^onents in the two factors. 



EXAMPLES. 



(1.) 

Babe 
Axy 



(2.) 

*JaWc 
Ba^bc 



(3.) 



6, Multiply 

6. Multiply 

1. Multiply 

8. Multiply 

9. Multiply 

10. Multiply 

11. Multiply 

12. Find the 



labc by bac. 
Sax by lac. 
2ay by Sa^xy. 
2a^y^x by 3aa^. 
\2a^x by 4a3y. 
12a» by 3a»». 
^a^Qf" by a^x. 

product of 8a5c, 



(4.) 

%ajxf^y^z 
Sd?xyz^ 



12abcxy 21a^5V %wx^y^z'' 24:a'^x^y^z^ 



13. Find the product of Spqr^ 



14. Find the product of 3mP<?, 



A71S. Soa^bc^. 
A71S. 2\a^cx. 
Ans. Qa^xy'^. 
Ans. ija^y^x*. 
Ans. 4Sa^xy, 
Ans. 36a'" + ". 
Ans. 7a2"iB^ + ^ 

la^bxy and dabx. 

Alls. IQ^a^bh'x'^. 

2p^q7^^ and 4pr^x. 

A71S. 24:p'^q^r^. 

4md^y and 5mnd. 

Ans. 60mP-^^9idK 
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9§« To deduce a rule for multiplying one polynomial 

with another. First, let it be requii'ed to multiply a — b 

by c. If we multiply a by c, the product ac wnll be 

greater than the required product, by the product of b 

by c, or 5o, because b ought to have been taken fiom 

a before the multiplication was perfoimed. Hence, the 

true product is dc •- bc^ and the operation is performed 

as shown below: 

a — ft 



oc — 6c. 



Now, let it be reqmred to multiply (i — b by c — d. 

Multiplying each term of a — • 6 by (c — c?), as above, 

we have 

a — ft 

{o-d) 

a(c — c?) — b{c — d) 
=z ao — ad -- {bc^ bd) 
=1 ac —- ad -' be -^ bd. 

The same result may be obtained by multiplying each 
term of the multiplicand by each term of the multiplier, 
and giving to the product of those terms having like 
signs the sign -f , and to the product of the terms hav- 
ing unlike signs, the sign — , as indicated below : 

a — ft 

oc — ftc 

— ac? 4- bd 



ac — be -^ ad -}- bd. 



Since any two polynomials may be multiplied in the 
same way, we have the following 
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BULS. 



Multiply every term of the multiplicand by each term: 
of the multipliers observing that like signs give + , and 
unlike signs — ; then reduce the result to the simplest 
form,. 

EXAMPLES. 

(1.) (2.) 

a^ + 2ax -\- a» 2a*b + a^'^ 

X + eb 2a^b — 2ab^ 



ax*^ -f 2a''x + a^ — ia^¥ - 2a'b^ 

seP + Sax^ + Sa^ + a\ 4a^b^ - 2a^b^ — 2a*b*. 

It will be found convenient to arrange the terms of 
the polynomials with reference to some letter; that is, to 
write them down, so that i;he highest power of that letter 
shall enter the first term ; the next highest, the second 
term, and so on to the last term. The letter with refer- 
ence to which the aiTangement is made, is called the 
leading letter. In the first of the above examples, the 
leading letter is a;; in the second, it is a. The leading 
letter of the product will be the same as that of the 
&ctors. 

EXAMPLES. 

1. Multiply a^ — xy + y^ by x + y, 

A71S, x^ -f- y3. 

2. ■ Multiply aj2 — aiy + y2 by cc^ 4- ajy + y^. 

Ans. a^ + 052^2 ^ yi^ 

8. Multiply 8052 — 2xy +6 by a^ ^ ^xy — 6. 

Ans. 3aj* + ia?3y ^ 43.2^2 _ 133^1 ^ 22«|/ — ao* 
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4. Multiply JB^ — T^y + o^y^ — 7?%/^ + a^* — a^ + y* 
by 35 + y. -4/w. a' + y^. 

6. Multiply a*— 27^y'\-^x^y^ — Sa^^^ igy* by a; + 2y. 

ulm. aj^ + 32y^ 

6. Multiply 27a2 - 13aft + 55^ by la^ + ^^ 

ul/w. 189a* - na^h + 62a252 - iSaS^+Sj*. 

7. Multiply together a + aj, 5 -f- aj, and c + aj. 
-4w5. aj^ + oa;^ + ^c^ + ear^ -f a^ + acx + Jcaj+o^c 

8. Multiply a^+h'^-{- c^— ah '— ae — hc by a-^h -\- c. 

An^, a^ -{- b^ -{- c^ — 3abc. 

9. Multiply a* 4- a^b + aW + a*^ + ** by a-h, 

Ans, a^ — J*. 

10. Multiply 2a + Jc — 25^ by 2a - be + 2b\ 

Alls, 4a2 — ^2^2 + 453c — 4J*. 

11. Multiply 4a5 — 2ac by %ab + Sac. 

Ans. 24a^b^ - 6aV. 

12. Multiply a + bx by a + «». 

-4;w. a^ + abx + aca; + b<^. 

13. Multiply together a; — 10, a; + 1, and aj + 4. 

Ans. a^ — 5x^ — 4Qx — 40. 

14. Multiply together aj — 6, aj— 6, a; — 7 and a; + 8. 

Ans. aj* — lOa^ — Slx'^-\- 646a; — 1680. 

15. Multiply a3 + 3a2J 4- Sab^ + 5^ by a^ - Sa^b 
+ Sab^ — 53. ^/w. a« ~ 3a*62 + Sa'^b^ — bK 

16. Multiply together x^ — a^, a;^ — aa? + a\ and aj^ 
+ ax + a\ Ans. a^ — a^. 

17. Multiply a;** — 2aa;'»" V + 2/^ by 3a;y". 



y/\>4^ 
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18. Multiply a* + 2a'"5'» H- abP by a"* — b\ 

Arts. a"»+» + 2a2'«5'» + a"* +^5^ — a«6" — 2a'"&2n — oJp t-*. 

19. Multiply «»» 4- y" by x^ + y". 

20. Multiply together af» — y*, jC" + y*, and «»» — y*. 

_ J 
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29. Division is the operation of finding from two 
quantities a thiiui, which being multiplieti^y the second, 
will produce the first. 

The first is called the Dividend,^ the second the Divisor^ 
and the third the Quotient, 

Division is the converse of Multiplication, In it we 
have given the product and one factor, to find the other. 
The rules for Division are just the converse of those for 
MultipHcation. 

30« To divide one monomial by another. . Take the 
example, «r 

la^bc ' 

The quotient must be such a monomial as, being multi- 
plied by tlie divisor, will give the dividend. Its tjoefiicient 
then must be such that, being multiplied by 7, will give 
66, and the exponent of each letter which enters it 
must be such that, when added to the exponent of the 
same letter in the divisor, will give the exponent of the 
same letter in the dividend. Hence, the following rule 
for dividing one mf)noinial by another. 
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fiULE. 

Divide t?ie coefficient of the dividend by that of the 
divisor for a new coefficient ; after this, write all the 
letters in the dividend, glvmg to each an exponent equal 
to tJie excess of its exponent in the dividend over that in 
the divisor. 

With respect to signs, it follows from the rule for signs 
in Multiplication, that the quotient of terms having like 
signs must be + , and that of terms having unlike signs, 
must be — . 



EXAMPLES. 


(1.) 


(2.) 




— l^aWx^y'z ^ ^ , 


(3.) 


(4.) 


-f- Iba^x'^y^z^ 
— ba-xy^z^ ^ 


- 2 W.^ _ _ 
4- Ip^yx ^ 


6. Divide 2\fgVi by Ifg. 


Ans, Sgh, 


6. Divide Ma^y by — 


12axy, Ans, — ^lax"^. 


1, Divide — SGa^Js^ ^y 


18ab, Ans, — 2ab^G. 


8. Divide - 2ba^x^y^ by 


— 5x^y\ Ans, ha^y"^. 



9. Divide 72a*i*c2 by — ^^aW, Ans, — 2a^hH^, 

10. Di\ide — lia'^a^y* by — lax^y^, Ans. 2axy, 

1 ^ax^z 

11. Reduce the expression — , to its simplest form. 

t axz 

A71S, 2x^, 

— 24fa-h 

12. Reduce ^ Ans, - 4fgh. 
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14. ReducP (300aV -5- lOao) -^ Ca^c. ^n^. 5c. 

31« In dividing monomials, it often happens that the 
exponents of the same letter are equal, in which case, that 
letter disappears in the quotient. It might, however, be 
retained by giving to it the exponent . Thus, 

— = a^-»» = a°v but — =1; .*. a° = 1. 
a*" a*" 

Prom this we infer,, that, the power of any quantity 
is equal to 1 , and that 1 is equal to the power of 
any quantity. Any quantity may therefore he intro- 
duced into a term^ as a factor, by givi7ig it the exponent 0. 

39, When the exponent of any letter is less in the 
dividend than it^is in the divisor, the exponent of that 
letter in the quotient will be negative. The negative 
exponent may, however, be retained, and it can be shown 
that it is subject to all the rules of operation deduced 
for positive exponents. To explain the meaning of nega- 
tive exponents, we have, 

— = a-3; also, —=—;.•. a-^ = —* 
a* a^ a^ a^ 

Hence, we infer, that, any quantity having a negative 
exponent, is equal to the reciprocal of the same quantity 
with an equal positive exponent. We also infer, that, 
any factor may he transferred from the denominator 
to the numerator of a fraction, (yr the reverse, by chang- 
ing the sign of its exponent. 

2* 
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EXAMPLES. 

(!•) (2.)f 

naWc 7 ,„ 7 (^obH « ,x , , 2 

4a262 4 4 3a25*c2 aho 

"3. Keduce — -^.-r* -^w«« 3a-^ft-^c, or -7 

Sa^^*^ ' ah 

4. Reduce ^ * Ans, --a;"^y~S or 



n6. Reduce ||^- ^w*- ^P9~^^'\ or -^ 

\/5. Reduce -— ^ — • -4/w. —^a^'^x'-^^ox — 



40052 • ' a^jB* 

7. Reduce — - — • -4/w. 2ax. 

— 3a^*a;-® 

8. Reduce '72a^b^ -r- 12a3. ^n«. Qa-^b^ or 

a 

1 

-4n5. — a~2a;~^, or — 



10. Reduce (14aa5 -5- Yyg) -f- 2a». 

uln5. av~^«"^ or — r^* 

33. To divide a polynomial by a monomial : JDivide 
each term separately, 

EXAMPLES. 

(1.) (2.) 
— ■ = 3^— 4a+2ay. = 2a2— 3aj 

m ■ iSCn OlZ» 
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8. Divide Bon/ + 20a;2y — 45aa^ by 5qs^, 

Ans. 1 + 4a; — 9a. 

4. Diviol — da^bc - 12ab^c + Uabc^ by — Sabc. 

Ans, Sa -\- 4b — 5c. 

6. Divide lia^xy^ — ^aby^ — 13y* by ^a^Qc?y^, 

Ans, 2a-^x-^ — a-'^x-^y — ^^-^x-^y, 

6. Divide 27a« — 18a2«»J" — 21ai' by 3a"». 

-4n«. 9 — Qa^b"" — laP-"^. 

1. Divide 12a*(a + a?)^ — 18«H« + «)^ + 24a2(a + a)* 
by 6a2(a -f- a;)^. ^n«. 2a^ — 3a(a + «) + 4(a + x)^. 

34. To divide one polynomial by another. Take the 
example : 

Dividend. Divisor. 



9a;3 + i2a;2 + i6a; + 8 
9a;3 4- 6a;2 



6a;2 + 16a; 
6x^+ 4x 


12a; + 8 
12a; + 8 



3a5. +ji 



3a;2 4- 2a; + 4 ; Quotient. 



Remainder. 

The dividend and divisor are both arranged with refer- 
ence to the same letter ; then will the quotient of the first 
term of the dividend, by the first term of the divisor, be 
the first term of the quotient. The product of the divisoi 
by this term, being subtracted Jfrom the dividend, gives 
a new dividend, which may be treated in the ^ame way 
as the original one, and so on to the end of the process. 
For convenience of multiplication, the divisor is written 
on the right of the dividend, and the quotient under it. 
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In all other respects, the operation is entirely similar to 
division in Arithmetic. Since all other similar cases may 
be treated in the same way, we have the following 

BIJLE. 

I. Arrange both polynomicda with reference to the 
same letter, 

II. Divide the first term of the dividend by t?ie first 
term of the divisor^ for the first term of the quotient. 
Multiply the divisor hy this term of the quotient^ and 
subtract the product from the dividend. 

in. Divide the first term of the remainder by the first 
term of the divisor^ for the second tei*m, of the quotient. 
Multiply the divisor by this term^ and subtract the pro- 
duct from the first remainder^ and so on, 

IV. Continue the operation^ until a remainder is found 
equal to 0, or one whose first term is not divisible by 
that of the divisor. 

When a remainder is found equal to 0, the division is 
exact. When a remainder is found whose first term is 
is not divisible by that of the divisor, without giving rise 
to fractions, the exact division is impossible. In that case, 
write the last remainder after the quotient found, placing 
under it the divisor, in the form of a fraction. 



EXAMPLES 

(10 

6a3iB3 + 13a2aj2 + Qax 

~ - - — ^ ^ 

^a'^x^ + Qax 




2a^x^ + Sax 



Sax + 2 
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(2.) 
a* + ai?x + a^x + aa^ — 2aj 

+ a^x +■ acc^ 



a + aj 



a^ + «« — 



2x 



aj + a 



— 2a 

UeFC ^he quotient is fractional, and the division is not 
exact 

(3.) 



1 + aj 
1 —x 



1— aj 



1 + 2a5 + 2aj2 + 2a:^ +» &o. 



+ 2a; 

+ 2x — 2a;2 




+ 2a;2 
+ 2a;2- 


. 2aj3 



+ 2a53 

In tbis example, the operation does not terminate, but 
may be continued to any desired extent. 



EXAMPLES. 

1. Divide a^ + 4ax + 4x^ by a + 2a;. Ans^ a + 2a. 

2, Divide a^ — Sahi + Zax^ — o^ ^^y a — x. 

Ans. c^ — 2aa; + v?. 

8. Divide a^ + hdh^ + hcuy? •\- oi? by a + aj. 

Ans, a^ + 4aa; + x^. 

4. Divide a* — 4a^y -f Ga^y^ _ 4^y3 ^ y4 i^y ^2__ 2ay 
+ y«. Ans, a? — 2ay -f 2/^. 

5. Divide a*— ft* by a^-\-a^h-\'ah'^+h\ Ans, a-^b. 
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6. Divide 12a5< — 192 by 3aj — 6. 

Am. 4a^ + Sx^ + IQx + 32. 

7. Divide sb® — 3a*y2 ^ 33.2^4 _ ys i^y ^^ _ 33.2^ 
4- 3a;y2 _ y\ ^ris. qg^ + 3a;2y + 3a:y2 _|_ ys^ 

8. Divide aj*** + aj^^y^n ^ y4» j^y a.2« _|. ^jnyn ^ y2n^ 

1 9. Divide a* — &* + 25c — c^ by a - 5 + c. 

-4n«. a + 5 -- (?. 

10. Divide 7^ — Csc^y^ — \%xy^ — I5y* by x^ + 2iBy 
+ 3y2. Ans. aj2 — 2ay — by\ 

11. Divide aa^ «_ 0^2^.2 «_ 5^52 _^ ^2 jjy oa? -- 5. 

-4w5. x^ — ax — h. 

12. Divide mjoa?* + mqpiS^ — n^wj^ — mnc — nqx + nr 
by mx — w. -4/w. jpaj^ + ^ — r. 

13. Divide a^a^— a^aj + a2a^^+ 2a2a5 — 2a2+ 2aaj + oaj^ 
— aa^ — a^ by a^^. -f 2a — ai^. ^/w. ax — a -{-x. 

14. Divide — 2a-8a^ + lla-^ofi — 6a;^ — 24a*a^ by 
2a-^x^ — 3aa^, Ans. — a-^x^ + la^^a^ H- 8a^aj*. 

16. Divide a^ — 3a2x -f aj^ by a + x. 

3^3 



ulw5. a^ — 4aaj + 4^2 — 



a+x 

16. Divide a^ + a^¥ + 2a-Z;3 — h^ by a^ — db + l'^. 

Am. a3 + a^h + a*^ 4. 25^ + , ^ \^ ^ - 

a^ — a5 -I- 6^ 

17. Divide aj^ + oa^ 4. j^. ^ ^ jjy aj ^ r. 



-4n5. aj^+raj + aa; + r2 + ar + 5 + 



a; — r 



18. Divide 1 + 2a by 1 — 3a:. 

Ans. 1 + 6a; -f- 15a;2 -f 453^1 4. , <fcc. 
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19. Divide 1 + 2a5 by \ —x — x^. 

Ans, 1 + 335 + 4a;2 + ^^ +, &c, 

20. Divide 1 by I +x, 

Ans. 1 — a + a;^ — «^ + iB*5 &o. 



USEFUL FORMULAS. 

35. A Formula, is an algebraic expression of a 
general rule, or principle. 

The verification of the following formulas, affords addi- 
tional exercises in Multiplication. , 

1. {x + yY z=z {x + y) {x-)ry) = ^^ + 2xy + y\ 

2. (« — yY = {x — y){X'-y) = jc^ — 2xy + y^. 

3. {x + y) (x — y) = a;2 — y\ 

36. Formulas serve to shorten algebraic operations, 
and are also of much use in the operation of factoring. 
When translated into conmion language, they give rise to 
practical rules. These three may be translated as follows, 
since x and y are any quantities whatever : 

1. The square of the sum of any two quantities^ is 
equal to the square of the firsts plus twice the product 
of first and second^ plus the square of the second, 

2. The square of the difference of any two quanti- 
ties^ is equal to the square of the firsts minus twice the 
product of the first and second, plus the square of the 
second. 
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3. The product of the sum and drff'erence of two 
quantities^ is equal to the squcpre of the firsts minus the 
square of t/ie seco7id. 

EXAMPLES. 

1. Let it be required to find the square of 2a + Sx, 

The square of 2a, is 40^ ; twdce the product of 2a and 

3ic, is 12ax; the square of 32c, is 9x^. Hence, by the 

first rule, 

(2a + 3aj)2 = 4a2 + 12aa; + 9x\ 

2. Pind the square of 2a — 3a;. By the second rule, 
we have, as before, 

(2a — 3a;)2 = 4a2 — 12 aa; + Oaj^. 

3. Find the product of 2a + 3a5, and 2a •— 3aj. By 
the third rule, we have, as before, 

(2a + 3a;) (2a — 3a;) = 4a^ — 9a?*. 

In like manner, solve the following examples: 

4. Find the square of aa; + by, • 

Ans. dhi? -h 2ahxy + ^y*. 

6. Find the square of 7a;^ + 3^^. 

Ans, 49a;* + 42a;'V + Qy*. 

s 

6. Find the square of 8aJ + 4cd. 

Ans. ^4aW + 64a5cdf + 1 ^cM\ 

7. Find the square of 2ac — Zd, 

Ans. 4a^c^ — 12a<;df -h 9d^. 

8* Find the square of IQxy — 1y^. 

Ans. 256a;y _ 224xi/^ + 49y*. 

0. Find the square of 2a^ — cd. 

Ans. 4aW — 4ahcd + (^d\ 
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10. Find the product of 2a + 3a?, and 2a — 305. 

Ans. 4a^ — 9x^. 

11. Find the product of lb + 4c, and lb — 4c. 

Ans. 49J2 — I6c2. 

12. Find the product of Sicy + Sx\ and Sx^/ — 3aj2. 

By reversing these operations, the squares and products 
above found may be resolved into binomial factors. 

37. Let the student verify the follo\nng additional 
formulas, by actual multiplication and division. 

4. {x -\-a){x-\-b) =x^ -\- {a-\- b)x + ab. 
6. (Qii^ — xy + y2) (x + y)z=7^ + y^. 
8. (a? 4- y) (a - y) (a?^ + y^) = a^ _ y4, 
aj — y 

The general demonstration of Formulas (9) and (10), 
will be found in the A^qpendix. 



FACTORING. 

37. Factoring is the operation of resolving a quantity 

mto factors. The principles employed are the converse 

of those us^d in Multiplication. The operation of factoring 

most be performed by inspection. 

3 
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When every tenn of a polynomml contains the same 
monomial factor, that factor is a factor of the polynomial, 
and the other factor may be fomid by dividing the poly- 
nomial by the monomial factor. 

EXAMPLES. 

1. Factor the polynomial Sa^ai^ _|_ 4^13^., 

Here, we see that 4:a?x is a factor common to each 
term, hence it is one of the required factors. Dividing 
by 4a2£c, we have the quotient, 2x + a, which is the 
other factor; or, 

%a^x^ 4- ^a^x = 4ahii{2x + a). 

In like manner, the following polynomials may be fee- 
tored, 

2. Factor la^bc^ — 28abc. Ans. 1abc(ao^ — 4). 

3. Factor 4a^y2 _ 2x^y\ Ans. 2x^y^{2x'^ — 1). 

4. Factor 6a; V ^ i2Qcy\ Ans. ^xy\x + 2y). 
6. Factor 2a^b + cf^c — dbd. Ans. ab{2a + c — d), 

6. Factor Ix^y'^ — Ix^y^ + Wy'^z. 

Ans. 1x^y^{x — y + 2). 

1. Factor Ua^cd + 20ac^d — 15acd\ 

Ans. 5acd{Sa 4- 4c — Sd). 

38. When two terms of a trinomial are squares, and 
the third tenn is equal to tvnce the product of their 
square roots. Formula (1) enables us to resolve the trino- 
mial into two factors, as in the following examples: 
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8, Factor a^ + 2ah + h\ Ana. {a + h) {a-\- h). 

9. Factor 4052 + \2xy + 9y2. 

Ans. {2x + Sy) {2x + Sy). 

10. Factor x^ + 12a; + 36. Ans. {x + 6) {x -\- 6). 

11. Factor 4ic* + 4x^j/ + y\ 

Ans. (2aj2 + y) {2x^ + y), 

12. Factor 4a^b^ + \2ahc + 9c^'. 

^715. (2a5 + 3c) (2ah + 3c). 

13. Factor 16aV + 8a2y*2;2 _|. y^^^ 

Ans. (4a2y2 _^ 2/2^2^ (4a2y2 _j_ yV). 

39. When two terms of a trinomial are jgquares, and 
the third term is equal to minus^XvAo^ the ££odjii^ of 
their square roots, the trinomial may he factored hy 
means of Formula (2), as in the following examples: 

14. Factor a^ — 2a^ + h^. Ans. (a — i) (a — h), 

15. Factor a^x^ — 2aca5 + c^. Ans. {ax — c) {dx — c), 

16. Factor 4x^ — 4xy + y^. Ans. {2x — y) {2x — y). 

17. Factor 9a^^ — 24a2^c + 16a\^. 

Ans. {Sab — 4ac) {Sab — 4ac). 

18. Factor 4ic* — 4x^y + y^. Ans. {2x^ — y) {2x^ — y). 

19. Factor 36a;2 — 24ajy + 4y\ 

Ans. {6x — 2y) {Qx — 2y). 

20. Factor 4aj22/2 _ 4^^^^ ^ ^2^ 

-4/15. {2xy •— 2) (2a;y — 2). 

40, When the two terms of a binomial are squares, 
and have contrary signs, the binomial may he factored 
by means of Formula (3), as in the following examples: 
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21. Factor a^ — V^. Ans. {a + b) (a — b). 

22. Factor 4x^ — 9y\ Ans. {2x -f 3y) {2x — 8y). 

23. Factor aV — ^►V/^. ^w^. (ac + bd) (ac — W). 

24. Factor Oa^aja _ iCaV- 

Ans, (Zax + 4ay) (3aa5 — 4ay). 

25. Factor 25a*^>*ic* — 42^. 

^?2S. (5a2Z»2a;2 + 22) (Sa^ft^^^ — 2z). 

26. Factor 49a;* — \(jy\ Aiis. {1x^ + 4y) {1x^ — 4y). 
In like manner, we have, from Formula (4) : 

"^ ^^jfv«^ 4^130; + 42^ ic^ + (6 + ?)« + 6 X 7 = (« + 6) 



- 2j^aj' 



28. aj2 + 2aj - 15 = cc2 ^ (5 - 3)a; — 3 X 5 = (a; — 3) 

29. aj2 _ 15a. + 56 = aj^— (7 -h 8)a5 — 7 X — 8 = (aj - 7) 
(a; - 8). 

30. aj2 — aj — 72 = ^2 ^ (3 _ 9)a. -. 9 X 8 = (a; + 8) 
(a? — 9). 

In like manner, we have, from Formulas (6), (e), (7;, 
and (8) : 

31. 8a3 - ^^3 = (2a - ^►) (4a2 + 2ab + ^►2). 

32. a^ + 64m3 = (a + 4m) (a^ — 4am + lOm^). 

33. 16a* + 36a2^>2 + 81^>* = (4a2 + 6ai -f 9^2) 
(4a2 — 6aJ + 9Z>2). 

34. a*^^*- 81c* = {aW + 9^2) (a^J^- 9c2) = {aW+ 9c2) 
ra2> + 3c) {ah - 3c). 
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MISCELLANEOUS EXAMPLES 

Factor the following expressions: 

35. 9aJ*2/2 + 2Axhf + IQxhf, 

Ans. {Zx^y + ^xy^) {Sx^y + 4xy% 

36. 4a;2 — I2xy + 9y\ Ans. {2x — Sy) {2x — Sy). 

37. aWc^ — c^d\ Ans. ■ c\ah -^ d) (ah — d). 

38. a;2 + 9aj + 18. Ans. (x + 6) (aj + 3). 

39. ^ahP' - 2h'^x\ Ans. 2x^(a -\- b) {a — b). 

40. a^ — b^+ 2bc — c\ 
Ans. a^ — {h — cY = {a + h — c)(a + c — b). 

41. a* — 9aW — 6a*c2 — c*. 
^n«. a*— (3a2>+c2)^»V2 (a2+3a5+c2) (a2--3a5-c2). \ 
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CHAPTEE III. 

6BEATEST COMMON DIVISOR, AND LEAST COMMON MULITFLB. 

GREATEST COMMON DIVISOR. 

41. A Common Divisor of two quantities, is a quan- 
tity that will divide them both without a remainder. 
Thus, Sa^J, is a common divisor of da^b^c and Za^b^— 6a^b\ 

43. A Simple or Prime Factor is one that cannot 
be resolved into any other factors. 

Every prime factor, common to two quantities, is a 
common divisor of those quantities. The continued pro- 
duct of any number of prime factors, common to two 
quantities, is also a common divisor of those quantities. 

43, The Greatest Common Divisor of two quantities, 
is the continued product of all tlie prime factors which 
are common to both. 

44. When both quantities can be resolved into prime 
factors, by the method of factoring already given, the 
Greatest Common Divisor may be found by the following 

rule. 

I. Hesolve both quantities into their prime factors, 
n. Find the continued jproduct of aM those factors 
which are common to both j it will be the Greatest Gomr 
mon Divisor required. 
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EXAMPLES. 

1. Let it be required to find the greatest common 
divisor of 42abx and lOacx, 

Factoring, we have, 

42abx = la X 2x x 3^, 
^Oacx = la X 2x X 5c. 

The factors 7a and 2x are common : hence, the 
divisor sought is ^a X 2a;, or liax. 

2. Find the greatest common divisor of Bax^ + Soe^ 
and 2ay + 2xi/. 

Factoring, we have, 

3aa;2_[_3a.3 _. sx^{a + x), 
2ay + 2xy = 2y (a + a) : 

hence, the divisor sought is a + x, , 

3. Find the greatest common divisor of 2a^ — 4a^b 
+ 20^2 and 2a^ — 2abK 

Factoring, we have, 

2a^ -•4a^+ 2ab^ = 2a{a^'-'2ab+b^) = 2a{a-b) {a — b), 
2a^-2ab^ = 2a{a^-¥) = 2a{a—b) {a-\-b)\ 

hence, the divisor sought is 2a{a — b\ or 2a2 — 2ab, 

4. Find the greatest common divisor of 5^a>cdx^y and 
2iafx^y. Arts. ^axhj. 

6. Find the greatest common divisor of ^a^G — 4acaj 
and Za^g — Zagx, Ans, a{a — a), or a^ — ax, 

6. Find the greatest common divisor of a^ — y^ and 
9? — y^, Ans, x— y. 



48 ELEMENTS OF ALGEBRA. 

7. Find the greatest common divisor of 46*^ — 12cx 
+ 9x* and 4c^ — 90^. Am, 2c — 3£C 

8. Fbid the greatest common divisor of 4aar^ — 4axy^ 
and I2a^x^ — 12a^y\ Aris, 4aaj2 — 4.ay\ 

9. Find the greatest common divisor of 2a^ + Aa^bx 
+ 2ab^x and 4a^ + Saba^ + ib^a^. 

Am. 2ahi + 4abx + 2b^ 

45. In many cases it is not possible to resolve quan- 
tities into their fectors by inspection. In order to deduce 
a rule for finding the Greatest Common Divisor, in any 
case whatever, it will be necessary to establish the fol- 
lowing principle; viz.: 

Afi2/ gtiantifyy thai will divide two other quantities^ 
will also divide the difference between any two multiples 
of those quantities. 

Let P and P' denote any two quantities, both of 
which are divisible by D\ and let in and n be any 
two factors whatever: then will mP and nP' be any 
two multiples of P and P', and their difference, mP 
— nP\ will also be divisible by Z>. Let Q and §' 
denote the quotients of P and P' by D\ then will 

mP — nP' = mQD^nQ'D = J){mQ — nQ'). 

The last expression is evidently divisible by J): hence, 
its equal, mP — nP\ must also be di\asible by D ; 
which was to be proved. 

Hence, we see, that if any polynomial be multiplied by 
any factor, and if from the result a second polynomial be 
subtracted any number of times, the remainder wtU con- 
tain all the factors common to the two polynomials ; that 
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is, if the first polynomial be multiplied by any factor, and 
the result be divided by the second polynomial, the 
remainder will contain all the factors common to the two 
polynomials. In the same way, if the second polynomial, 
or any multiple of it, be divided by the first remainder, 
the second remainder will contain all the factors common 
to the polynomials used, and consequently, to the given 
polynomials; and so on, indefinitely. 

Hence, we may write the following rule for finding 
the greatest common divisor of two quantities : 

B XT L E. 

I. Suppress oil t?ie monomial factors of each poly^ 
nomial ; if any factor suppressed is common to the two^ 
set it aside as a fa^ctor of the common divisor, 

n. Mtdtiply the first polynomial by such a factor as 
wiU make its first term divisible by the first term of the 
second polynomial / then divide this result by the second 
polynomial^ continuing the division as far as possible, 

in. Take the second polynomial as a dividend^ and 
the first remainder as a divisor, and proceed as before / 
and so on, till a remai7ider is found that will divide 
the preceding divisor. This remainder, multiplied by 
the factors set asidej will give the Greatest Common 
Divisor, 

EXAMPLES. 

1. Find the greatest common divisor of 205^ + 5xy 
+ 3y2 and Sx^ -\- xy — 2y\ 

Multiplying the first by 3, and dividing by the sec- 
ond, we have th^ following 
3 
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OPERATION. 

3a;2 -I- ajy — 2y* 



6aj2 + Uxy + Oy^ 
6052 4- 2x1/ — 4y2 

13a;y + ISy^ . , . 1^^ remainder. 

Suppressing the fiictor 13y, in the first remainder, and 
then dividing the second polynomial by a? + y> we have 
the following 

OPEEATION. 



aj + y 



3x — 2y 



3aj2 4. a^ — 2y2 
3a;2 + 3a^ 

— 2ajy — 2y2 

— 2icy — 2y' 



Here, the division is exact ; hence, by the rule, x + y 
is the common divisor sought. 

2. Find the greatest common divisor of a;^— 6a;^+7a5— 3 
and x^ + X — 12. 

FIRST OPERATION. 

a:2 + a; — 12 



05 — 6 



aj3 - 5a;2 + 7a; - 3 
x^ -\- x^ — \2x 

— 6x2 ^ i9a;_ 3 

— 6a;2 — 6a; + '^2 

25a5 — 75 ... l5^ remainder. 

Suppressing the factor 25 in the first remainder, we 
have the following 



GEKATEST COMMON DIVISOR 



51 



OPEKATION, 
X^ + JB — 12 35 — 3 


aj2 — 305 


X+4: 


4a5- 12 
4a5— 12 





Hence, a? — 3 is the coirimon divisor required. 

3. Find the greatest common divisor of Sa^x^ -— Za^f/^ 
and Qax^ — 6ay^. 

Suppressing the factor Sa^ in the first, and 6a in the 
second, we find a common factor, 3a, in both, which 
we set aside as a factor of the divisor sought. Pro- 
ceeding according to the rule, we have the 

FIRST OPERATION. 



053- 



xy^ 



X 



|2 __ *y2 



r 



X 



r/^T. _y3 ^ ^ ^ \^i remainder. 

Suppressing the fiictor y^^ in the first remainder, we 
have the 

SECOND OPERATION. 



352— y1 


x-y 


Q^ — xy 


x-\ry 



xy -y^ 
xy — y^ 



Hence, the common divisor sought is 3a(a5 — y). 
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Find the greatest common divisors of the following: 
4. Of a^ — 4 and a^ + 4a -h 4. A718. a + 2. 

6. Of a3 - ab^ and a^ -f 2ab + h\ Ana. a -{- h. 

6. Of a^ - Q^b^ and a* — h\ Ans. oi? — b^. 

7. Of a^ + 2aj — 3 and x^ -\- hx -\- 6. Atis, a; + 3. 

8. Of 3a;2y + Zxy^ and 3aj2 + Qxy -f 3y2. 

-d/i«. 3a; + 3y. 

9. Of a* + «»^ — CL^x — a* and «* + a^a^ + a*. 

Ana, a;2 + aaj + a^ 

10. Of 20a* + aj2 — 1 and 25a^ + 5^3 - aj — 1. 

Arts. 5x^ — 1. 

46. To find the greater common di\'isor of three quan- 
tities. First, find that of the first and second ; then that 
of the result and the third quantity. 

EXAMPLES. ^ 

1. Find the greatest common divisor of 2a^% 4qi!^i/\ 
and 8x^t/, 

The greatest common divisor of 2a^x^ and ix^y^^ is 
2*^ which exactly divides Sa^^y; hence, it is the divisor 
required. 

2. Find the greatest common divisor of aj^ + 5a; + 4, 
ai^ + 2a; — 8, and oc^ -\- 1x -h 12. 

The greatest common divisor of the first and second, 
is a; + 4, and that between this result and the third 
polynomial, is a; + 4, which is the .divisor sought. 

Find the greatest common divisors of the following: 

3. Of 3a*a;»-S 6a2«a.« + \ and 21a«-ia;2«. 

Ans, 3a" "^aj""'^. 
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4. Of Aax^y^ 16a^^ and 2^acx'^. A)i8. 4aaj2. 

6. Of 1a^ 4- laby 4ab + 4b\ and 2ac + 2bc. 

A?is, a + b, 

6. Of Bx^ — 6a;, 2a^ — 4a;2, and x^i/ — 2xy, 

Ans, x^ — 2x. 

7. Of Sx^ + 6ajy, 2icy + 4^^^ and 4qsz -f- S^y. 

-4/15. X + 2y. 

8. Of 3a2 — 3^2^ 3a2+ 6a^ -hW, and Soay + Sft^y. 

A?is, 3(a 4- Z>). 

9. Of x^ — 9, a;2 _ 3a. _ ig, and x^ + llic + 24. 

-4?25. a; + 3. 

10. Of aj2__3a.— 28 a;2_iia._|.28, and a;''* -15a; +5 6. 

-4;i5. X — 1. 

11. Of a;*-5a;2+6, a;*-W+12, and a;*+2a;2— 15. 

Ans. a;2 — 3. 

12. Of a;3 + 5a?2 + 7a5 + 3, a;^ + 3a;2 — a; — 3, and 
aj^ + a;^ — 5a5 + 3. Ans. a; + 3, 




.1 



LEAST COMMON MULTIPLE.;' 

4y, One quantity is a multiple of anothei 
can be divided by it without a remainder. ThusJ 
a multiple of 8, also of a^, and of b. 

48. A quantity is a Oomtnon Multiple of two or 
more quantities, when it can be divided by each, sepa- 
rately, without a remainder. Thus, 24:a^x^^ is a common 
multiple of Qcux and 4a^a;. 

49. The Least Common Multiple of two or more 
quantities, is the simplest quantity that can be divided 
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by each, without a remainder. Thus, 12a^b^^ is the 
least common multiple of 2a^jj, 4ab\ and 6a^b^. 

50. When the given quantities can be fiictored, by 
any of the methods already given, the Least Common 
Multiple may be found by the folloAving 

BU LE. 

I. Hesolve each of tJie quantities into its prime 
factcyrs, 

n. Take each factor as often as it enters any one 
of the quantities^ and form the C07itimted product of 
these factors ; it will be the common multiple required, 

EXAMPLES. 

1. Find the least common multiple of 6a&* and 
18a^. 

Factoring, we have, 

eab^ = 2 X Sabbj and IBa^b = 2 x 3 X Saab. 

The greatest number of times that the factor 2 enters 
either quantity, is once, whilst the factor 3 enters twice 
in the second, b twice in the first, and a twice in 
the second. Hence, the multiple required is 

2 X 3 X Saabb = 18a'^b\ 

2. Find the least common multiple of 6a^ay, 8aa^| 
and 12a;2y2^ 

Factoring, we have, 

Qa'^xy = 2 . Zaaxy 
8aaj2 =2.2. 2aasB 
\2x^y'^ =2.2 ,Zxxyy: 
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hence, the least common multiple is 

2.2.2.3. aaxxyy^ or 24a^2y^ 

3. Find the least common multiple of a^ — 6^ and 

Factoring, we have, 

o2 - J2 = (a + h) (a - h) 

o2 _ 2ab ^-li^ = {a- h) \a - b) ; 

hence, the least common multiple required is 

(a — b) {a- b) {a + b), or a^ -^ ab^ — a% + 6^. 

Find the least common multiples of the following: 

4. Of 15ajy 2i£A ^Qc^y. Ans. ZOx^y^, 

5. Of Z^yz^ 6xy% and docyz. Ans. ISx^y'^z. 

6. Of Sab% 6ac3, ic^d, and i^V. Ans. Uab^c^d. 

7. Of oaj — ^, ay — Jy, and a^yz. 

Ans. ax^y^ — bx'^y^, 

8. Of a - *, a2 — 52, and a^ - 2ab -f- b\ 

A71S. {a — J)2 (a + J)^ 

9. Of Sx'^{x - 2/), 15a^(a; - y)\ and 12a53(a;2 — ^2)^ 

10. Of 2a2(a + x) and 4aiB(a — x). 

Ans. 4,a^x{a^ — aj^)^ 

51. In general, it is not possible to factor quantities 
by inspection. When the quantities cannot be factored 
by any of the preceding methods, the Least Common 
Multiple may stiU be found. 
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Let P and P' denote any two quantities, and let 
D denote their greatest common divisor. Let Q and 
Q^ denote the quotients of P and P' by D, Then 
shall we have, 

P = Q X D, and P' = Q" X J). 

Since Q and Q' have no common factor, their least 
common multiple is Q X Q' ; consequently the least com- 
mon multiple of P and P', is J) x Q X Q' ; or, since 
P = DQ, we shall have the least common multiple 
equal to P x Q\ 

That is, the least common multiple of two quantities is 
equal to one of the quantities multiplied by the quotient 
of the other, by their greatest common divisor. Hence, 
to find the least common multiple of two quantities, we 
have the following 

RULE. 

P^md their greatest common divisor; divide one of 
them by it, and m^ultiply the otJier by the quotient, 

EXA3IPLES. 

1. Find the least common multiple of a^ —oc^ and 

Their greatest common divisor is a —x. Hence, the 
least common multiple is, 

^2 _ aj2 



a — X 



X {a^ — x^), or a* + a^x — ax^ — x*. 



2. Find the least common multiple of 2a; — 1 and 
ix"^ — 1. 

The greatest common divisor of the two, is 2x — 1 : 
hence, the multiple required is, 

i^ "" (■**' - ^> = "*' - *• 
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3. Find the least common multiple of a;^ + ^a; + 12, 
and aj2 + 8a; + 15. Ans. {x + 3) (a; + 4) {x + 5). 

When there are more than two quantities, find the 
least common multiple of the first and second, then that 
of the result and the third; and so on, to the last. 

Find the least common multiples of the following : 

4. Of 8a^ 12a3, and 20a*. Ans. 120a*. 

6. Of x^ + 5x + 6, a;2 + 2a5 — 8, and x^ + 1x + 12. 

Ans. (a;^ + 2a; — 8) {x^ + 6a; + 6.) 

6. Of a; — 1, ai2 — 1, and a;^ + 4a; - 5. 

Ans. (x^ — 1) (a; + 6). 

1, Of 10a;(a; + y), 8y(a; — y), and 5(x^ — y^). 

Ans. 4i0xy{7? — 'if'). 

8. Of 18a;*(a; — 2/), 2b^{x — y)\ and \2ix^{x — yY. 

A71S. 900x^(a; — j/Y. 

9. Of a;3 — 1, and x"^ + x — 2. 

A71S. a;* + 2a;3 — a; — 2. 

10. Of 6a;2 — a; — 1, and 2a;2 + 3a; — 2. 

Ans. 6a;3 + iia;2 _ 3^. _ 2. 

11. Of a — a;, a^ — x\ and a^ — a;^. 

Ans. a* + a^x — oaj^ — a;*. 

12. Of 3a;2-lla; + 6, 2x2— 7a; + 3, ea;^- Ya; -f 2. 

Ans. Qx^ -^ 25a;2 + 23a; — 6. J 



8* 



68 ELEMENTS OF ALGKBKA. 



I 



CHAPTER IV. 

FEACnONS. 

5 SI. If the unit 1 be divided into any number of 
equal parts, each part is called a FBAcnoNAii unit 

Thus, -, -, -, -, are fractional units. 

53. A Fraction is a fractional unit, or a collection 
of fractional units. Thus - , - , - , ^ , are fi*actions. 

54. Every fraction is composed of two parts : the 
Denominator^ which shows into how many parts the 
unit 1 is divided; and the Numerator^ which shows 
how many of these parts are taken. Thus, in the frac- 
tion Y) the denominator J, shows that 1 is divided 



into h equal parts, and the numerator a, shows that 
a of these parts are taken. The fractional unit, in all 
cases, is equal to the reciprocal of the denominator, 

55. A Decimal Fbacthon is one whose denominator 
b some power of 10. In such fractions, the numerator 
is expressed by means of the decimal point, which sig- 
nifies that the denominator is equal to 1, followed by 
as many O's as there are decimal places. Thus, the 
expressions, .034, .0079, are decimal fractions, equivalent 
to the fractions, x^^td to^^i)- 
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56« An Entire Quantity, is one which contains no 
fractional part. Thus, 7, 11, a^x^ ^x^ — Zy^ fir q entire 
quantities. 

An entire quantity may be regarded as a fraction 

whose denominator is 1. Thus, *J :=z -^ ah = —' 

57. A Mixed Quantity, is a quantity containing both 

hx 

entire and fractional parts. Thus, 7^%, 8f , a ■] , are 

c 

mixed quantities. 

58. Let j^ denote any fraction, and q any quantity 

a 
whatever. From the preceding definitions, -z denotes 

that T is taken a times: also, -~ denotes that t is 



taken aq times; that is, 

aq a 

Hence, multiplying the numerator of a fraction hy any 
quantity^ is equivalent to multiplying the fraction by 
that quantity^ 

We jee, also, that any quantity may he multiplied hy 
a fraction^ hy multiplying it hy the numerator^ and 
then dividing the result hy the denominator. 

59. It is a principle of Division, that the same result 
will be obtained, if we divide the quantity a by the 
product of two factors, p X q, as would be obtained 
by dividing it first by one of the factors, jt?, and then 
dividing that. result by the other factor, q. That is, 

a. __ /a\ , ^ _ (^\ ^ 

pq ~ \p) "^ ^' ^^' J^ "" W/ ^' 



60 ELEMENTS OF ALGEBRA. 

Hence, multiplying the denominator of a fraction by 
any quantity^ is equivalent to dividing the fraction by 
that quantity. 

60. Since the operations of Multiplication and Diraion 
are the converse of each other, it follows, from the pre- 
ceding principles. 

That, dividing the numerator of a fraction by any 
quantity^ is equivalent to dividing the fraction by that 
quantity ; 

And, dividing the denominator of a fraction by any 
quantity y is equivalent to inultiplying the fraction by 
that quantity, 

61. Since a quantity may be multiplied, and the result 
divided by the same quantity, without altering the value, 
it follows that, both terms of a fraction may be midti- 
plied by any quantity^ or both divided by any quantity^ 
without changing the value of the fraction. 



TRANSFORMATION OF FRACTIONS. 

62. The transformation of a quantity, is the operation 
of changing its form, without altering its value. 

FIRST TRANSFORMATION. 

To reduce an entire quantity to a fra^ctionoH form haV' 

ing a given denominator, 

63. Let a be the quantity, and b the given denomi- 
nator. We have, evidently, a = — ; hence, the 
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K IT L E. 



Multiply the quantity by the given denominator^ and 
vorite the product over this given denominator. 

SECOND TRANSFOKMATION. 

To reduce a fraction to its lowest terms. 

64. A fraction is in its lowest terms^ when the numer- 
ator arid denominator contain no common factors. 

It has been shown, that both teims of a fraction may 
be divided by th6 same quantity, without altering its 
value. Hence, if they have any common fectors, we may 
strike them out. 



BIJLE. 



Mesolve both terms of the fraction into their prime 
factors ; then strike out aU that are common to both. 

The same result is attained by dividing both terms of 
the fraction by their greatest common divisor. 



EXAMPLES. 

"L^ax 
1. Reduce — — to its lowest terms. 
21ay 

Factoring both terms, we have, 

14ax _ 2a; X 7a ^ 
21ay " Sy x la * 

Striking out the common factors, 7 and a, or 7a, we 

have, 

14a:c ^ 2x 

2lay "" 3y* 



62 KI.KMEXT9 OF ALOKBRA. 



3^2 3^2 

2. Reduce the fraction -,- , to its lowest terms, 

4a — 46 

We have, 

Sg-i - 3^2 ^ 3(a^ - h'^) __ 3(a + 6) (fl& — h) _ Z{a + h) 

4a — 45 "" 4(a — 5) "" ^(a — b) "" 4 

Reduce the following fractions to their simplest terms: 

16a^ J. 2x 

24a^62a. 3^ 

, 12a2cdf - 3a^ 

16a6c 45 

45x^y^z J bxy 



6. 



7. 



-^^-. Ans. ^±^. 

x^ — 2a;y + y^ a; — y. 

-^7 ^ • Ans. J(a + a). 

10(a — x) a\ / 



„ aj2 _ ^2 a; __ ^ 

8. » . ^ ; — r- -4/w. — ; — 

x^ + 2aa; + a^ x + a 

Sax^ — 3a^a; - 3a 

^« ;r^; :^ ' Ans. — -• 

2x2y — 2(zxy 2y 

,^\3a;2 — 635' . 3a; 

10- ;; i— • ^918.- -- • 

2ajy — 4y 2y 



d{x^ — a2) 3(a; - a) 

a;^ + a? — 2 . a; + 2 - V ^; 

2aj3 - 3a; + 1 ' ^^' 2x^ + 2x — Vy:- 

The last example is solved by finding the greatest 
common divisor of the two terms, which is a; — 1, and 
then dividing both by it. The following examples may 
* be solved in the same manner : 
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a^ — 9 .85 — 3 

13. -5 77; • Ans. 

05^—85—12 a;— 4 

x^ — 2ax + a^ . x — a 

14. r—z — . ^ ^ • Ana. 



Wy — lOaxy + 3a^y {*Jx — 3a)y 

12ay^ — Ibxy + 3y^ . 12a; - Zy 

* 6a3 _ 6jB2y 4. 2ay2 _ 2y3' ^' 60^ + 2y«' i^ 

THIRD TRANSFORMATION. 

To reduce a fraction to a mixed quantity. 

65« When any term of the numerator is divisible by 
any term of the denominator, the transformation can be 
effected by the principles of Division. 

RULE. 

Perform the indicated division^ continuing the operor 
tion as far as possible ; then vrrite the remainder over 
the denominator^ and wmt^ the result to the quotient ^-^ ^ 
found, 

EXAMPLES. 

o2 + a;2 . 2a;2 

1. ; = a--a5 + 



a + a a + x 

^aj^ + a; — 4 , 2 

2. — = a; — 1 — 



= au — I • 

a; -+- 2 X + 2 

a^ + x^ « . 3a?^ 

8. , , » . — ; = a — 2a; + 



a^ + 2ax + x^ a + x 

^ a;2 + a^ + 3 — 2aa; , 3 

4, =r a; — a -i • 

x^a x — a 

^ 30 — 11a; — 44a;2 + 32a;3 ^ ^ hx^ 

6. ,, . ,^ 7-5 = 2 — 3a; + 



15 + 17a; — 4a;2 ' 6 — a; 
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^ «= + 3.r - 25 , ^ . 3 

6. = a; + 7 + 



X — 4 X — 4c 



4a;-a;2+ 3-y ^ , 3 -y 

b. = aj 4- • 

4 — a; 4 — 05 



rOURTH TRANSFORMATION. 

To reduce a mixed quantity to a fractional form, 

66. This transformation is the converse of the pre- 
ceding, and may always be effected by the following 

RULE. 

Mxdtiply the entire part by the denominator of the 
fraction^ and add to the product the numerator^ torite 
the result over the denominator of the fraction. 



EXAMPLES. 



, h ac-\-h 

1. a + - = 



2. a + 



c c 

ax a{a — x) -\- ax a' 



8. 1 + 



4. 1 + 



6. a + 



6. aj + ,y + 



a — X a — X a — flj 

c _ x^y + c 
x — y ~" X - y 

lab ~" 2ab 

ac + d 2ac + ad +HJl 

— ~— ~ " ■ • 

c + d c -\- d 

a;2 4- y2 2a;2 



x—y x—y 
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^ , , abc — c^d — 2cd^ 2ab(c 4- d) 

c+ 2d c + 2a 

Q o-« ^A 2a^^ - 2a5y (a;y ~ ab) {x - y) 

b. XJJ — (W ; = ; • 

FIFTH TRANSFORMATION. 

To reditce fractions having different denominators^ to 
equivalent ones having a common denominator. 

mi«A* a c . m> 

67. Take toe fractions, ^, 3, and --• 

b a n 

Since both terms of a fraction may be multiplied by 
the same quantity, without affecting its value, we may 
multiply both terms of each fraction by the product of 
the denominators of the others, giving, 

a __ (zdn c __ cbn , ^ __ mJc? 
b "~ bdn^ d "" bdn^ n ~~ bdn 

The resulting fractions are equivalent to the given frac- 
tions, and have a common denominator, bdn. In the 
same way, other fractions may be treated ; hence, the fol- 
lowing 

BTTLE. 

MuUiply each numerator into aU the denominators 
except its own for new numerators^ and aU the denomir 
nators together for a new denominator-. 

Fractions may always be reduced to a common denomi- 
nator, by the preceding rule; but, if the denominators 
have any common factors, it will not be the least com- 
mon denominator. 

Take the fractions, 

335 2y , J5 

T—r, -— , and -— ^» 

4 



66 ELEMENTS OF ALGEBRA. 

The least common multiple of all the denominators tt 
12a3; multiply both terms of the first fraction, by -7-2"' 

or 3a ; both terms of the second, by -— — , or 4a* ; and 

12a^ 
both terms of the third, by --— r- , or 2 ; and there will 

' -^ Ca^ ' * 

result the fractions, 

9ttx Sa^y , 2z 

1203' 1203' ^^ 12o3' 

which are equivalent to the given fractions, and have 
a common denominator. In the same way, other frac- 
tions may be transformed. Hence, tha followaig 

BULB, 

Find the least common m>iUtiple of all the denominor 
torsy for a common denominator. Divide this least com- 
mon multiple by each denominator^ separatdy^ nnd rmi^ 
tiply the quotients by the corresponding num.eraJtOT9 for 
new numerators. 

If there are any entire quantities, they may be regarded 
as fractions whose denominators are equal to 1. 

EXAMPLES. 

1. Reduce 7, -,, and - , to a conunon denominator. 
b d X 

Multiplying both terms of the fir?f by dXy both terms 

of the second by bx^ and both terms of the third by 

bdy we have, 

adx bcsf. ^ bd^ 
bdx^ bdx^ bdx 
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2. Reduce —z — — -, -^ , and — ; — , to a com- 

x^ — a^ x — a x-\-a 

mon denominator. 

Here, the least common multiple of the denominators 
is a;2 — a^. Multiplying both tei-ms of each fraction by 
the quotient of x^ — a% divided by the denominator 
of that fraction, we have the equivalent fractions, 



x' 



_a b{x -fa) , c{x — a) 

— O^' 05^ — a^ ' a;2 _ ^2 



Reduce each of the following fractions to a common 
d^ominator : 

«• -6-' V ^^ -T- 

ao ao ab 

4. -7— ; : ; and 



4a(a + x) 4(a2 — x^) 

J m(a — x) , na 

Ana. - — r-:: rrr and 



4a(a2 - x^) 4a(a2-aj2) 

^ 3a5 4 , 12a;2 45a; 40 , 48a;2 

o. — « - • and • Ans, — • — • and 

• 4' 6' 15 60' 60' 60 

^ 2ft 3c ,4(7 . 10ft 45c ^ 12(7 

6. — > -r-j and --• Ana. -— r, -ir;r, and -— < 
15' 6 ' 25 75 ' 75 ' 75 

3ft2 - 5c3 . 12a 9ft2 , lOc^ 

7. a • — « and *-» — • Ans, — • — « and • 

' 4 ' 6 12' 12' 12 

^ aj aj2 3 a^ 



1 -aj' (1 -a;)2' (l - a;)^ 

. a;(l — x)^ x^(l — x) , a^ 
Am. -7^ -r^, -7-^ — -^, 



and 



(1 - aj)3 ' (1 - aj)3 ' — (1 - xY 
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9. 35a;, — -:— , -tt — -$» and -• 

a -r X a" — a?' x 

^hx^a^-x^) ax{a — a; ) fee c(a^ — g') 

vx dx- , ' a^ 

10. , — ; — , and 



a — x^ a + x^ a + X 

Am. ^(^±^ d^oj^ ^^ 7?{a- x)^ 
a?- — a;2 ' a^ _ ^^.2 > ^2 __ 352 

11. , -^, and -r- 

. 4a^ 6aj(c — a;) , 6(c — aj) 

Am. -^7 r, -^7^ 7, and -^^^ ^. 

«3(c — a;) ar(c — x) x^ic — a;) 

12. 4, -r r, -T— — 5, and -• 

a^ ^ x^ or + x^ y 

Ar.. M^_^ 6y(aH:^) 6y(^z^ ^^^ ^(^^-«^) 

In what follows, we shall suppose all entire and all 
mixed quantities to be reduced to a fractional form, 
and all will be treated together as fractions. 



ADDITION OF FRACTIONS. 

» 

6S. Fractions can only be added when they have a 
common unit, that is, when they have a common denom- 
inator. In that case, the numerator of each fraction will 
indicate the number of times the common fractional unit 
is taken, in that fraction ; and the simi of the numerators 
will indicate how many times that unit is taken in the 
entire collection. Hence, the 
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B 17 L E. 



JRedicce the frdctions to a common denominator^ 
then ddd the numerators together for a new numerator^ 
and yyrite the sum, over tJie com/mon denom^inator. 



EXAMPLES. 

1. Find the sum of a, -, -7, and -—r- 

Reducing to a common denominator, 

40^5 Aah 2a^ Sbx ^ 
la^V 4a^' 4a2^' i^' 

hence, the sum is ^^ , ^- ^ • 

4a^o 

Find the sums of the following quantities : 

2 3 -4 . 2a + 35 + 4 

a^^s a^b^ aW a-^^-^ 

^ 2a a + 2a; ^ a . Cjc^ + 5aa; + 8a 

3. :r-^» — : , and — -• -Atw. • • 

. a5 + y,a5 — y . 

4. — ^^ — , and — -— ^« Ans. x. 



^ 2a; 3a; - 6a; . 103 

5. -, -, and y. Ans. ^ + ^05^' 



2 3 4 

(a;-l)-^' (a; -1)2' ^^ ^^^i^ 



4aj2 __ 5jg 4. 3 
{x - 1)3 
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8. 7-— — r-7 r, and 



(1 + a){a + x)' (1 — x) (a + x) 

Ans, 



(l + a)(l-aj) 



1 1 ;i 1 

9. T/-r—, — r, -Tji V, and 



4(1 +a)' 4(1— a)' 2(1 -a^) 

Ans, 



1 — a2 



10. !^Z:iy, -2^ + y+\ and ^^''"^ 



7 ' 3 ' 12 



85a ; — 20y 
84 



SUBTRACTION OF FRACTIONS. 

69. Fractions can only be subtracted when they have 
the same unit. In that case, the numerator of the min- 
uend, minus that of the subtrahend, will indicate the 
number of times that the common unit is to be taken, 
in the difference. Hence, the 

RULE. 

Reduce the fractions to a common denominator ; then 
subtroAit tJie numerator of the subtrahend from, that of 
the minuend for a new numerator^ and write the re- 
mainder over the common denominator, 

EXAMPLES. 

1. From , subtract — . ^ . 

a— 2x a + 2x 

By the rule, 

a-\-2x a-'2x _ (a + 2xy {a — 2xY Sax 



a — 2x a+2x a^ — 4x^ a^ — ^x^ a^ — 4a;^ 



\> 
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2. From 4a A , subtract 2a 

c c 



Am. 2a + "-^ -• 

c 

8. From —~^i subtract ^ "~ ^ ' 

20 

4. From ^, subtract -^. ^n*. ^+^. 

a — 05 a -\- X a^ — x^ 

6. From ^ ^ , subtract ^ 7 ^ - -4^- o ^ o * 
a; — y' sc + y x^ — y^ 

6. From a H — ^^ — — r , subtract 



a(a + a?) «(« — x) 

-A/w. a — 



a^ — a;2 



7. From 3a; H — — -~ , subtract 2a; H ~ — • 

15 7 

137a; + 5 



Ana, 



105 



8. From , subtract ^ Ans. ^-^ r- 

y — a ^ 2/2 _ 252 y^ — z^ 



MULTIPLICATION OF FRACTIONS. 

a c 

70. Let -T and -^, represent any two fractions. It 

has been shown (Art. 58), that any quantity may be 
multiplied by a fraction, by first multiplying by the 
numerator, and then dividing the result by the denom- 
inator. To multiply 9 by - , we first multiply by c, 
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€IC 

giving -J-; then, we divide this result by d, which is 
done by multiplying the denominator by J; this gives 
for the product, ^; that is, 

a c ^ ae 
b ^ d '^ W 

Hence, we have the following 



BULB. 

MuUipIf/ the numerators together^for a new numeratorj 
and the denominators for a new denominator. 

BXAMPLBS. 

1. Multiply g^, by ^. 

The product of the numerators is 21aXj and of the 
denominators, 20cy; hence, by the rule, 

7a5 3a _ 21ax 
5y 4c ""200^ 

2. Multiply ^— ^, by — ^. 

We have, by the rule, 

2x sc^ — 2/2 ___ 2x{x^ — y2) __ 2x{x + y) (a — y ) 2a;(a5 1- y) 
x-y ~3 ■" 3(a5-y) "" 3(aj-y) "" 3 

In the above example, after indicating the multiplica- 
tion, we Metered both numerator and denominator, and 
then struck out the common factor before performing the 
operation. It will, in general, be found expedient to follow 
this method. 
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7? — y'^ 



8. Multiply 2(J±|), by 



a;2 + 2ajy 4- y2 
Indicating the operation, factoring, &c., we have, 

2(« + y) ^ x^-y'^ _ 2(a; + y) (a? - y) {x + y) _ ^ 
x — y x^+2xy^y^ (« — y) (aj + y) (« + y) 

Find the products of the following quantities : 



, 3a;2y , 2a^h . Zah7?y 

4. — — ^ , and • Ana. — -— ^ • 

4a c 2c 

5. W ^a :^^ ^n.. ?§^. 

3cdf ' 3ab^ 9bcd 

^ 1x + 6 . 2x , 14a;2+i2a5 

6. — - — , and -r • -dn^. — 

3 ' 5 15 

2 , a;^-y^ .' 2(aj + y) 
, and ^* Arts. ^ ^^ » 





euuiu, 


a 


a5 


and 




aj^~4 
®- 3 ' 


and 


4x 
x+2 


h 

10. «+-, 


and 


x 



Arts. 



a 

3bx^ 



a(4 — x) 



. 4a;{aj — 2) 
Arts. — ^ • 

3 



x^ 



,, o . « A . ^ J (1 2+ a;) (a^ + 4) 

11. 3 + -, and x+ -• Ana. 7-^= ^• 

4' X 4aj 

12. (£L+^, and -i^. -47W. 2aj(a + &). 

205 ' a 4- 5 

,^ 3a;2+i 2y . 2y(3a;2 + 1) 

13. ^ , and -^. ^n«. -^^^-^^ ^. 

(a; — 1? , (aj + iW^ a x^ — I 

14. ^^-^, and ^ ^ ;^ ' ^w«. — 

yS ' SB — 1 y 

4 
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15. m-\ 1 • and m + 1- 1 • 

m m I 

Ana. m* + 1 H — r • 

16. a.-|, and -+|. Ans. -^. 



a* — aj* 



18. — r-> -1 — ; — ^> and a + 



a + ^ ' a5(a + a;) ' a — x 

An,. "'(^ - ^) 



a; 



,^ • . 2an/ , 2a;y , . 

19. aj H ^- , and aj — — r— • -4n5. a?. 

a; — y » + y 

a^ — 7? a^ —x^ a — x ^ a^ — ax-\-7? 
^^' oM^' oM^^' a+^' ^" a2 -h aa; -f ar^ ' 

^^ ( « ~ a;)3 

a^ + a^aj -f- (ix- -\- 7? 

21. a;2 + a; + 1^ \yj + 1 . ^^5. . a^ + 1 + . 

XX X* 






1 1 1 <^* 

22. a; + l + -, by a; — 14--- Ans. ar^ + 1 + -.V^ 

XX QCj 

2a — 5 , 6a — 25 , 5 — 3a 



^M ^ X ^ V ^ 

24- — rr + :^ — i» ^7 



a + 5 a — 5 a -\- c b + c 

Ans («' + ^')<^ 
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DIVISION OF FRACTIONS, 

Tl. Since — = jt> X — , it follows that, dividing by a 

qnaijtity is equivalent to multiplying by its reciprocal. 

c . d 
But the reciprocal of a fraction, -^, is - (Art. 14); con- 

sequently, to divide any quantity by a fraction, we invert 
the terms of the divisor, and multiply by the resulting 
fraction. Hence, 

a \ c ^ a d ^ ad ^ 
b ' d "^ b c '~ bc^ 

Whence, the following rule, for dividing one fraction by 
another : « 

RULE. 

Invert the terms of the divisor^ and mvltipLy the 
dividend by the resulting fraction. 

The same remarks as were made on factoring and 
reducing, under the head of Multiplication, are appli- 
cable in Division. 

EXAMPLES. 

I- I>ivide -, by 



a^-b'^' ' a + b 

By the rule, we have, 

Za^ . a _ 3a2 x{a-\-b) _ 3a . a{a+b) __ 3a 
^2— 52~a + d ~" (a^--b'^)a "" a{a + b){a'-b) ^ a-b 

Divide the following fractions: 

2. - — — -:, by -• Ans. f* 

2a5 ■- 2' -^ aj — 1 * 
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4. « H , by aj r • Ana. 



H T, by aj 7 

35—1' ^ OJ— ] 



« — 2 



^ iB^ — 3a?a + Zxa^ ^ a^ . x — a - , . , 

5, ; , by — ; — • Ans. ix — ay 

x + a ^ ^ x-\-a ^ ' 

^3^53' •'flf2_^^^2 a + 6 

^ lax + a;^ ,* a; . . 2a + x 



^3 — aj^''^c — a; c^ + ex + a^ 

9. a- + y + |., by x + y + ^' Am. |. 

a;2— 9 -a; + 3 . a; — 3 

10. ^ . , — --7, by : — -—• AnB. — ----• 
aj2 + 4a5 + 4'-'aj + 2 t a; + 2 

11. 1, by - + V H Ana. 



a h c aib + ac + hc 



-T , by a Ana. a^ + a-\ 1- -= 

a*' "^ a a d> 



MISCELLANEOUS EXAMPLES. 

Simplify the following expressions: 
1. ■ 1 ~ — ! — • Ana. a' + J*. 



1 2a . 1 .4a 



— 1 ei^H-l'a+l a* — 1 
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^2X^1 1 J 2 



x^ — y^ ' x + i/ 35 — y « + y 



I l+ajyil l+ay) 

^ _8 2y + 15 _ 2 18(2y + 15) 

^* 2y-.8 4y2^+9 2y + 3* ' ICy* - 81 

8. ;; 7- 7T + 7^ :»• -4/w. a + 



1 - a; (1 - a;)2 ^ (1 - a;)^ ' (1 - a;)^ 

^ j a; + 2y , « ) _^ ( a; + 2y j a; ) 
t aj + y y)\ y x-^yS 



Arts. 1. 



,^ aj2 — 9a; + 20 a;^ — 13a; + 42 
10. = ? — X 



a;2 — 6aj 7? — hx ^ 

(a; - 4n» - '^) 



Ans. 



x^ 



,, aj3* a;2* . 1 



• / 



. aj* — 1 a;* H- 1 a;" + 1 a;" — 1 

-4/w. a;^" + 2. 



, " a^ — ax 
12. 



4(a + a;) . 4a(a^ - a;^) 

ftc + &c 3(c - x) 3^>(c^ - aj2) 

^^ a a? -'IP' , a(a^ — b^)x'^ ' a + to 

, ^ a* — 2a^ + aj* (a + aj a — x) 

. «» — »» 

dr + x^ 

, -, ( , 2aa5 — 1 ) a; — a 

16. -^ a + J- \ -^ — . 

I b ) oa; + 1 

>' . a^{Ixjc + 2a;^) -\- a(x + b) — I 

b{x — a) 
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EXPLANATION OF THE SYMBOLS, , co , AND -• . 

72* The symbol 0, is called Zero. It stands for no 
quantity, or for a quantity less than any assignable 
quantity. If we subtract a from a, the remainder is 
no quantity, a result which is indicated thus, a — a = 0. 

I^ in the fraction, -, we suppose a to remain invaria- 

ble, and finite in value, whilst x goes on increasing, the 
value of the fraction will go on diminishing ; and when x 
becomes very great, with respect to «, the value of the 
fraction becomes very small ; and finally, when x becomes 
greater than any assignable quantity, or infinitely great^ 
the value of the fraction becomes . less than any assignable 
quantity, or infinitely small. This value of the fraction 
we call Zero, and denote it by the same symbol, 0. The 
first zero, is absolute, and is the naught of Arithmetic, 
the aHthmetical zero ; the second, is the algebraic zero. 

73. The symbol co , is called infinity. It stands for 
a quantity greater than any assignable quantity. If, in 

the same fraction, - , we • suppose x to diminish, the 

value of the fraction will increase ; and when x becomes 
exceedingly small, the value of the fraction ^vill become 
exceedingly great ; and finally, when the value of x 
becomes less than any assignable quantity, the value 
of the fraction becomes greater than a7iy assignable 
quantity. This value of the fraction we call infinity^ 
and denote it by the symbol co . This is the algebraic 
infinity, not the infinity of common language. 

Hence, we say, in Algebra, that the quotient of a finite 
quantity by zero is infinity, and the quotient of a finite 



KXPLANATION OF SYMBOLS. 79 



yiuantity by infinity is zero ; that is, -— = co , and 
- = 0. 

CO \ . I- 

r 'if 

» . ''^ 

T4. The sjrmbol -, is called the symbol of indeter- 

mination. It signifies that a quantity has an infinite 

number of values. We shall see, hereafter, that -, 

forms the proper answer to many algebraic questions. 
Where there are fewer conditions given than there are 
required quantities, there will, in general, be an infinite 
number of solutions, and this fiict will be indicated by 

the values of the required quantity taking the form -. 

•75. Tlie value of a fi^action sometimes reduces to the 

form -, for a particular supposition, in consequence of 

the existence of a common factor in both terms, which 
reduces to 0, for the particular hypothesis. This case 
must not be confounded with the case of indetemiina- 
tion. Thus, the fractions, 

b{a — b)(a- b) 2a{a — b) , 2b{a — b) 



and 



2a{a -j-b){a-by Bb{a - b) ' a{a - b) {a - by 

all reduce to the fonn - , when a = 5, because the 

factor a — J becomes 0, in that particular case. If 
this factor be stricken out before making the supposi- 
tion, a = bj the fractions will become respectively 0, 

2 

- , and o). Before deciding, therefore, upon the nature 


of the symbol -, we must first ascertain whether it 

results from a common factor, in both terms, which 
reduces to for the supposition made; if it does not. 
it is the true symbol of indetermination. 
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The fractions just considered are called vanishing 
fractions. From what has preceded, we have the follow- 
ing rule for finding the true value of a vanishing, frac- 
tion for that supposition which causes it to vanish : 

BULB. 

Suppress aU the factors common to the two termsy and 
then make the supposition. 

BXAMPLBS. 

•C* — "V* 

1. Find the value of — ^ , when x =zf/. 

35 — y 
By the rule, 

ic* — y* (a^ - y^) (aJ^ 4- v^) 

-2 —2 = ^^ Y^-^ — — = af + y^ 

a;2 — y2 Q,2 — y2 . • ^ » 

which, when a; = y, reduces to 2y^ : this is expressed 
algebraically as follows: 

I aj2 - y2 j ^ ^ y if 

2. Find the value of \ '^^(^ ;- ^) ) 

( (1 -f aj) (a - 1) f aj = 1. 

Ans. 14. 

3. Fmd the value of \ |fe-"^ I 

U4. Find the value of \ ^^f "" ^} I 

i 3(a — sc)2 J a = (B. 
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CHAPTER V. 

BQUATIONS OF THE FIRST DEGREB. 

^6. An Equation is the expression of equality between 
Lwo quantities. Thus, 

a; = 6 + c, 

is an equation, expressing the fkct that the quantity x^ 
is equal to the sum of the quantities b and c. 

W* Every equation is composed of two parts, connected 
by the sign of equality. These parts are called members : 
the pait on the left of the sign of equality, is called the 
first member ^ that on the right, the second member. 
Thus, in the equation, 

a? + y = a — c, 

05 4- y, is the first member, and a — c, the second member. 

T§. Equations are divided into two classes: those con- 
taining but one unknown quantity, and those containing 
m<yre than one unknown quantity. Each of these classes 
is subdivided into degrees. In the first class, the degree 
is determined by the exponent of the highest power of 
the unknown quantity, in any term; in the second class, 
the degree is determined by the highest sum of the 
exponents of the unknown quantities, in any term. 
4* 
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Thus, 

^ = c, hx + cy :=! dj 

* 

are equations of the first degree; 

x^ + 2px z= q, a;2 ^ ^^ ^ y2 ^ ^^ 

are equations of the second degree; ' 

aai? -^ hoi^ -\- ex z=z d ^ sc3+ Ix^y + Zyx + 4y = 5 , 
are equations of the third degree ; 

are equations of the n'* degree. 

We shall first consider equations of the first degree, 
containing but one unknown quantity. 

7*9. The Transpormatiox of an equation, is the oper-. 
ation of changing its form, without destroying the equality 
of its members. 

80. The Solution of an equation, is the operation of 
finding such a value for the unknown quantity, as will 
satisfy the equation; that is, such a value as, being sub- 
stituted for the unknown quantity, will render the two 
members equal. This is called a root of the equation. 

§!• An Axiom is a self-evident proposition. 

§2. The solution of an equation is effected by successive 
transformations, which transformations depend upon the 
foUowino: axioms : 

1. If equal quantities be added to both members of an 
equation, the equality will not be destroyed. 

2. If equal quantities be subtracted from both members 
of an equation, the equality will not be destroyed. 
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3. If both members of an equation be multiplied by 
the same quantity, the equality will not be destroyed. 

4. If both members of an equation be divided by the 
same quantity, the equality will not be destroyed. 

5. Like powers of the two members of an equation 
are equal. 

6. Like roots of the two members of an equation 
are equal. 

§3. Two principal transformations are employed in 
the solution of equations of the first degree; clearing 
of fractions^, and transposing, 

CLEARING OF FRACTIONS. 
84* Take the equation, 

y "*" 10 — 4* 

The least common multiple of all the. denominators is 

20. If we multiply both members of the equation by 20 

(Axiom 3), each term can be reduced to an entire form, 

giving, 

16a; + 12 = 15. 

In the same manner, any equation may be transformed. 
Hence, for clearing of fractions, we have the following 

BULE. 

JFind the least common mMltiple of the denominators^ 
and multiply both members of the equation by it^ reduc- 
ing the fractional to entire terms. 

The reduction will be effected, if we divide the least 
common multiple by each of the denominators, and then 
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multiply the corresponding numerator, dropping the de- 
nominator. 

The ti-ansformation may be effected by multiplying 
each numerator into the product of all the denominators 
except its own, omitting denominators. 

EXAMPLES. 

1. Clear the equation, q" = a' ^^ fractions. 

The least common multiple of the denominators is 12. 
Multiplying both members by 12 (Axiom 3), and reducing 
to entire terms, we have, 

3aj — 8x = iO. 

7*5 23/ 5 

2. Clear the equation, — — = - , of fractions. 

o o Z 

Multiplying each numerator into all the denominators 
except its own, and, omitting denominators, we have, 

42aj — 20aj = 15 . 

Clear the following equations of fractions : 

3. ^+7==^* •^^** ^^ "~ ^^^ + Vaj = 140. 

13a5 4 

4. ■— + - = 6aj. Ans. ISx + 16 = 72aj. 

X — 4 X — 2 5 . 

5. — 1 — = -• Ans. 2a; — 8 + « — 2 =r 10. 

3 6 3 

X — 4 X — 2 5 

6. -— -— = -. -4w5. — 2a;+8— a;+2=10. 

3 6 3 

a;--3 3a; — 4 

^- "12 21" = ^' 

Ans. 7a; — 21 — 12a; + 16 = 672. 
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^ X 3 ^ 

8. h 4 = - • An^. 6a; + 60 — 20a5 = 9 — 305. 

o — aj 5 



TRANSPOSING. 

8«l. TRANSPOsmoN is the operation of changing a 
term from one member to the other, without destroying 
the equality of the members. 

Take the equation, 

3a5 + 4 = 5 — ex. 

If we add to both members of the equation the 
quantity Qx — 4, (Axiom 1), we shall have, 

3aj + 4 + 6aj — 4 = 6 — 6a; + 6a5 — 4. 

Which reduces to 

3a; + 6a; = 6 — 4. 

Comparing this with the given equation, we see that 
4 has been transposed to the second member, and — 6a; 
to the first member, by changing their signs. In like 
manner, any term may be transposed. Hence, the fol- 
lowing rule for transposing. 

RULE. 

Any term may he transposed from one member to 
the other, by cJianging its sign. 

Transpose the unknown terms to the first, and the 
known terms to the second members, in the following 

EXAMPLES. 

1. 13a; + 16 = 7aj + 20. Ans. 13a; — Ya; = 20 — 16. 

2. 2a! — 8 =• 10 — X. Ans. 2a; + aj = 10 + 8. 
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3. 7aj - 21 = — 12aj + 1. Afis. 7a5 + 12a; = 1 + 21. 

4. 5aj + 60 = 9 — 3a?. Ana. 5aj + 3a; = 9 — 60. 

5. Sx — 1 = —35 — 8. Ans. 3aj + a; = 7—8. 

SOLUTION OF EQUATIONS. 
§6. Take the equation, 



_ 5(a; — 1) 



2a5 ^ ^^^ 

Clearing of fractions (Art. 83), and performing the 
operations indicated, we have 

20aj + 210 = 15a; - 15 + 240. 

Transposing all the unknown terms to the first member, 

and the known terms to the second member (Art. 84), 

we have, 

20a; - 15a; = 240 — 15 - 210. 

Reducing the terms in the two members, we have 

5a; = 15. 

Dividing both members by the coefficient of Xy we 

have, 

a; = 5. 

In the same way, all equations of the first degree, con- 
taining but one unknown quantity, may be solved. Hence, 
the following 

BULE. 

T. Clear the equation of fractions^ and perform aU 
t/ie indicated operations. 
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n. Transpose aU of the unknown terms to the first 
member^ and all the known terms to the second memr 
her. 

in. Heduce aU the terms in the first member to a sin- 
gle term^ one factor of which is the unknown quantity ; 
the other factor will he the algebraic sum of its coeffi- 
cients, 

IV. Divide both members by the coefficient of the un- 
known quantiljy : the second member wiU be the vcdtce 

of the unknown quantity, 

» 

EXAMPLES. 

1. Solve the equation, 

11 2 

Clearing of fractions, llOaj — 12a5 — 6 = 11x + 165 — 66 ; 
transposing and reducing, 21a; = 105 ; 

dividing by 21, a; = 5. 

2. Solve the equation, * 

a2 __ 52 _ 

ax bx 

Clearing of fractions, 5^ __ ^3^ _. ^^s^. _ ^2. 

transposing and reducing, — {a^b-\- ab^)x = — (a^ + b'^) ; 

dividing by - (a3J + aV^), x = ^^^^ = ^- 

Solve the following equations: 

3a; — 4 a; a; 

3. — - — = - + ^ — J. Ans. a; = 2. 

^*,.^ a; + 5 11^ 

*• 8-^+12 T" = " T' ^^'- "^ = ^^' 
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o. — 7 — — - = 1 . Ans. a; = — (L 
a 

^SB— l.aj — 2 aj — 3 ^ . 

6. — 1 : — = 6 Ans. x = 11. 



^ X X 1 X X . 

*• 8 - 4 - 2 = 5 - 6' Ans. x= 10. 

Sas — 1 6 — X ix — i 54— a; 

7^4 12 28 

Ans. X =z 5» 

^5aj — 7 3aj — 2 a — 6 - 67 

9. — — -r — = — Am. « = --. 

3 7 4 83 

,^ a; 2(aj — 1) 3a; — 4 . aj . 80 

10. - — -^^ = + — • Ans, a; = — • 

8 5 15 ^ 12 67 

,, X — a 2a; — 3ft a -- x ,^ ,,_ 

11. — — = 10a H- lift. 



6a; + a_3aj — ft 
4a; -h ft ~~ 2a5 — a 



, ^ ax — b,a hx 

''' -4- + 3 = y - 



14. ; + 

a + a; a —x 





2 






1 — —v. 






-*4w5. a; 


— 


2Sa + 24d. 






Ans, 


a; 


~ 6 — 4a* 




fta;- 


• a 








3 












Ans. 


a; : 


35 




3a — 2ft 


a2 


2ft2 
- a;2 


• Ans, 


X 


c 



,, 6a;4-13 3a; + 5 2a; . 

15. — = — Ans. a; = -^ 1. 

15 5 5 » 

16. — h Q = 20 Ans, X = 23^. 

Z o 2 

17. lo( a;+ - 1 — 6a;( -| = 23. ^n«. a; = 2. 
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,„ « 8 —a; 6 -fa; . 11 

*«• 12 - -8 4- + 7 = •»• 



Ans. X = 12. 



,^« ^ 4 7a5 — 9 4/^.a;— 1 

19. 3a; — 4 — - X 



6 3 6V ^ 3 ^ 

Ans. X = 7^ 



4a; 20 — 4a; 15 . 

20. = — • Ans. X z=z 3A* 

5 — a; a X *^ 

^, 7a; + 5 , 905— 1 a; — 9 ia; — 3 ^^1 

21. ! h — h = 23-' 

23 ^ 10 6 ^ 15 3 

Ans. X = 19. 

^^ oa; , ca; . , ex . t 

22. J- + J -i- g =z qx + J + h. . , 



Ans. X = *i^> 

a — bq 



^^ 10a; +17 12a; + 2 5aj - 4 . 

23. -— — — = — - — . Ans. a; = 4. 

18 11a; — 8 9 

«.. 1/ 1\ 1/2 -^ \ 43 . 43 

24. Ha; — -I — -I-— a;) = — -• -an^. a; = -— • 
7V 2/ 5\3 / 30 9 



2a; + 1 _ 402 • - 3a; _ p _ 471 - Qx 
29 12 "" 2 

^725. X = 72, 

PROBLEMS. 

8y« A Problem is a question proposed, requiring a 
solution. 

8§f The Solution of a problem is the operation of 

findjftg a quantity, or quantities, that wiU satisfy the 

given conditions. 

The solution of a problem consists of two parts ; the 

5 
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statetnent^ and the solution of the equation or eqtUJh 
lions of the problem. 

The Statement consists in translating the conditions 
of the problem into algebraic language, the resulting 
equations being called the equations of the problem. 
The solution of the equations is inade by the general 
rules for solving equations. 

The statement is made by representing the unknown 
quantities of the problem by some of the final letters of 
the alphabet, and then operating upon these so as to 
comply with the conditions of the problem. The method 
of stating a ' problem will be best learned from practical 
examples. 

1. What number is that to which if its fifth part 
be added, the sum -will be equal to 24 ? 

Let X denote the number. 

Then will - denote its fifth part. 
From the conditions of the problem, 

X 

a; -f g = 24; 

Clearing of fracjtioiis, bx -\- x := 120, 
reducing, Qx = 120, 

dividing by 6, x = 20, the number required. 

2. The sum of two numbers is 30, and their differ- 
ence 6. What are the numbers? 

Let X denote one number. 

Then will 30 — aj, denote the other. 
From the conditions, 

(30 — a?) — a? = 6 ; 
transposing and reducing, — 2x = — 24 ; 
dividing by — 2, 

.-.30 



aj r=: 12 ) 

, ^ > the two numbers, 

— a z= 18 i 
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3. Two couriers start from points distant 200 miles, 
and travel towards each other. The Jfirst travels 9 miles 
per hour, and the second 8^ miles per hour. How 
long before they will meet, and how far will each have 
travelled ? 

Let X denote the number of hours. 
Then will 9x denote the distance the first travels, 
and S^x denote the distance the second travels. 
From the condijions, 

9x + 8^x = 200. 
Solving, 

X = llf, the number of hours required. 

. • , 9a; = 102f , the number of miles the 'first travels. 

8^05 = 97|, the number of miles the second travels. 

4. A hare starts 50 leaps before a dog, and makes 
4 leaps to the dog's 3 ; but 2 of the dog's • leaps are 
equal to 3 of the hare's. How many leaps must the 
dog make to overtake the hare? 

Let X denote the number of leaps that the dog makes. 

4iB 

Then wiU — , denote the number that the hare makes 

in the same time;- and if we take the length of the 
hare's leap as the unit of distance, the whole distance to 

4.C 
be passed over by the dog, will be denoted by 1- 50. 

But the dog passes over a distance of | units at each 
leap ; hence, in x leaps, he will pass over a distance 
denoted by fas. But, from the conditions of the prob- 
lem, these two quantities are equal; hence, 

4iB , ^^ 3a; 
-- + 50 = --• 
3 2 

.•.35 = 300. Ans. 
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5. A can flo a piece of work in 9 days, and £ em 
do the same work in 10 days. In how many days can 
they l)Oth do it together? 

Let X denote the number of days required. 

If we denote the work by 1, -4 can do - of it 

X 

in 1 day, and in x days he can do - of it. JS can 

1 aj 

do — of it in 1 day, and in x days he can do — 

10 ^ ^ 10 

of it. But, from the conditions, the sum of these two 
will be equal to the entire work; tftat is, 

- + - - 1 
9 ^ 10 ~ ^' 

. • . JB = 4|^ • Ana, 

6. If to a certain number its half and its eighth part 
be added, the sum will be equal to 78. What is the 
number ? Ans. 48. 

7. A bought a horse, harness, and wagon, for 250 
dollars : he gave for the harness one fourth as much as 
for the horse, and for the wagon as much as for the 
horse and harness together. What did he give for each? 

Arts, $100 for the horse, $25 for the harness, and 

$125 for the wagon. 

8. A drover sold from a flock of sheep one hal^ 
and two more; he then sold half that remained, and 
two more, and then he had 22 left. How many had 
he at first? Aiia, 100. 

9. If from 3 times a certain number we subtract 8, 
half the remainder will be equal to the number itself 
diminished by 2. What is the number? Ans. 4, 

10. Ten years ago, a boy's age was ^ of his 
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Other's; now, it is -J- of it. What is the father's age 
now ? An$. 60 years. 

11. The sixth part of a number added to its eighth 
part gives 56. What is the number? Ans. 192. 

12. Two boys had, together, 35 marbles. One fourth 
of the number that the first had was equal to one third 
of the number that the second had. How many had 
each? Ans. 20 and 15. 

13. A man spent half of his money, and afterwards 
lost one third of what he had left, when he found that 
he had remaining $30. How much had he at first? 

Ans. $90. 

14. What number is that, from which if 5 be sub- 
tracted, one half the remainder is equal to 15 ? 

Ans. 35. 

15. Divide $116 amongst three persons, so that the 
second shall have two thirds as much as the first, and 
the third shall have two fifths as much as the second. 

Ans. $60, $40, and $16. 

16. A wheat field yielded 72 bushels, which was divided 
between landlord and tenant in such a way, that for 
every five bushels that the landlord received, the tenant 
got seven. How many bushels did the tenant receive ? 

Ans. 42. 

17. The half of a number exceeds its third part by 8. 
What is the number? Ans. 48. 

18. A sum of money is divided between A, i?, and (7, 
80 that A has $8, -B has as much as -4, together with 
one fifth as much as (7, and C has as much as A and £ 
together. How much has C? Ans. $20. 

19. There are 180 sheep in two flocks. If 20 be 
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taken from the second and added to the first flock, the 
Qrst flock will then contain twice as many as the seoond. 
How many sheep are there in each flock? 

Ans. 100 and 80. 

20. A post \ in the mud, ^ in the water, and 10 
feet in the air. What is its entire length? 

Ans. 28 feet 

21. There are two numbers whose difference is 8, and 
the first is 5 times the second. What are the numbers? 

Ans. 10 and 2. 

22. A merchant gains 14 per cent, on his capital, when 
he finds that he has $8436. What was his capital? 

Ans. $7400. 

23. A has 3 times as much money as -B; but if A 
were to give to i? $100, -B would then have 3 times 
as much as A, How much have they each? 

Ans. A $150 and £ $50. 

24. A laborer was engaged for 30 days, on condition 
that for every day he labored, he was to receive $2, 
and for every day he was idle, he was to forfeit $1. 
At the end of the time he received $21. How many 
days did he labor? Ans. 11. 

25. A is twice as old as 2?, but 10 years ago he 
was three times as old. How old is -B now. 

Ans. 20 years. 

26. Find that number which, being increased by 9, 
the result divided by 2, the quotient diminished by 7, 
the result wijl be 20. Ans. 45. 

27. Divide the number 37 into three parts, such that 
the first shall be 3 less than the second, and the second 
5 greater than the thiid, Ans. 12, 15, and 10. I 
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28. A man spends f of his income for board, f of 
the remainder for clothing, and has remaining $70. 
What is his income? Ans. $630. 

29. Divide 1000 into two parts such, that one of them 
shall be f of the other. Ans. 375 and 625. 

30. A person after spending 50 dollars more than half 
of his income, had remaining 125 dollars more than a 
third of it. How much was his income? 

Ans. 1050 dollars. 

31. In a naval action |^ of a fleet was taken, i of 
It sunk, and 2 ships burnt; } of the remainder were 
afterwards lost in a storm, when 24 ships were left. 
How many ships were there in the fleet? Ans, 60. 

32. A sum of 990 dollars was divided between A, 
J5, and C. B received | as much as -4, and (7 |^ as 
much as A and B together. How many dollars did 
each receive? Ans. A, 300; B^ 240; and 0, 450. 

33. A Qourier A starts 1165 of his oavti steps ahead 
of a courier B, and takes 5 steps whilst B takes but 
4; now if 3 steps of B are equal to 4 of the courier 
A,j how many steps must B make to overtake A? 

Ans. 13980. 

34. The hands of a clock are together at 12 o'clock, 
when are they next together ? Ans. At 1 h. 5^y m. 

36. A grazier spent -^\ of his money for horses, J for 
oxen, and -j^ of the remainder for sheep, when he had 
980 dollars left. How many dollars had he originally? 

Ans. 2400. 
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36. Divide the number 240 into two parts, such that 
7 times the first shall equal 5 times the second. 

Ans. 100 and 140. 

37. In a garrison of 2400 men, there are 3 times as 
many cavaby as artillery, and twice as many in&xitry 
as artillery and cavalry together. How many are there 
of each kind? 

Ans. 200 artillery, 600 cavalry, and 1600 in&ntry. 

38. Divide 21000 dollars between Ay JB, C, and i>, 
so that A^8 part shall be f of J^Sy JB^s part ^ of Os^ 
and 0*8 part f of D^s. How many dollars will each 
receive ? 

Ans. Ay 3200; jB, 4800; C7, 6000; 2>, 7000, 

39. A capital was put out at 6^ per cent, for one 
year, when the capital and interest together amounted 
to 1917 dollars. How many dollars were there in the 
capital? Ans. 1800. 

40. A boatman rows with the tide 42 miles in 3 
hours. In returning, the tide is but f as strong, and 
it takes 10| hours to row the same distance. At what 
rate per hour did the tide run in each case. 

Ans. 6 and 4 miles. 

41. A cistern can be filled by two cocks; the first 
would fill it in 70 minutes, and the second in 80 min- 
utes. In how many minutes would they both fill it 
together ? Ans. 3 7 J. 
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EQUATIONS OF THE FIBST DEGBEE, CONTAINING MOBE THAN 

ONE UNKNOWN QUANTITY. 

sA If we have a single equation, containing two 
unknown quantities, as 

2aj + 3y = 14, 

we may find the value of one of them in terms of the 
Dther, as follows: 

X = —^ ..... (1.) 

Now, if the value of y is unknown, that of x will 
also be unknown. Hence, from this equation alone, 
the value of x cannot be determined. If now, we 
have a second equation, 

3aj + 2y = 11, 

we may, in like manner, find the value of a; in terms 
of y, 

If now, the values of x and y are the same in the 
two equations, we shall have the second members of ( 1 ) 
and (2) equal to each other; giving the equation, 

14 — 3v 11 — 2v 

^ ^ = 3~^, or 42 - 9y = 22 - 4y. 

From which we find y = 4 ; and substituting this 
value for y, in either of the equations (1), or (2), we 
find X = 1, 

Such equations aie called aimiUtaneous. Hence, 

Simultaneous Equations are those in which the 
values of the unknown quantities are the same in both. 
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We have seen Jhat it requires two shnultaneous equa- 
tions, containing two unknown quantities, to determine 
the values of the unknown quantities. In the same way, 
it could be shown that it would require three equations 
containing three unkno\vTi quantities, four equations con- 
taining four unknowTi quantities, and so on, to deter- 
mine the values of the unknown quantities. In general, 
there must be as many equations as there are unknown 
quantities. The equations necessary to determine any 
number of unknown quantities, constitute a group of 
simultaneous equations, \ 

Such equations are solved by successive diminationsL 

ELIMINATION. 

90. Elimination is the operation of combining two 
equations in such a manner as to get rid of one of the 
unknown quantities which enter them. 

There are three principle methods of elimination, by 
Addition or Subtraction; by Substitution; and by Comr 
parison, 

1. By Addition or Subtraction. 

91. Take the equations, 

7aJ4-6y = 20 (1.) 

9a5- 4y = 14 (2.) 

Multiplying both members of (1) by 4, and of (2) by 

6 (Axiom 3), 

28a; + 24y = 80 (3.) 

bAx — 24y = 84 (4.) 

Adding (3) and (4), member to member (Axiom 1), 

82aj = 164. 
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Here, y has been eliminated by addition. 

Again, multiplying both members of ( 1 ) by 9, and of 

(2) by 7, 

63a5 + 54y = 180 ... . (5.) 

63aj — 28y = 98 . . . . ( 6.) 

Subtracting ( 6 ) from ( 5 ), member from member, 

(Axiom 2), 

82y = 82. 

Here, x has been eliminated by subtraction. 
In the same way, an unknown quantity may be elimi- 
nated from any two simultaneous equations. Hence, the 

B u L E. 

Prepare the equations^ so that the coefficients of tJie 
quantity to he eliminated shaU he numerically equal in 
both ; if the signs are unlike^ add tlie equations^ mem- 
ber to member ; if alike^ subtract them^ member from 
member. 

In preparing the equations above, we multiplied both 
members of each, by the coefficient of the quantity to 
be eliminated in the other. They may be prepared in 
other ways. A better way, in most cases, is to find 
the least common multiple of the coefficients of the 
quantity to be eliminated; then multiply both members 
of each equation by the quotient of this least common 
multiple by the coefficient of the quantity to be elimi- 
nated in that equation. In the first case considered, the 

least common multiple of 4 and 6 is 12; we might have 

12 
multiphed both members of ( 1 ) by -— , or 2, and of 

12 ^ 

(2) by —, or 3, giving, 

14a; 4- 12y = 40 
27a; — 12y = 42. 
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Whence, by addition, 

41a; = 82. 

Here, y has been eliminated as before, but we have 
a ampler equation. 

2. By Substitution. 

99. Take the same equations as before: 

7aj + 6y = 20 (1.) 

9a5 — 4y = 14 (2.) 

lading, from (1), the value of y in terms of sb, 

20 — *lx 

y = — 6 — 

SifbatitMting this value for y, in (2), 

/20-7a;\ ,. 

Here, y has been eliminated by substitution. 
In the same way, we may eliminate an unknown 
quantity between any two equations. Hence, the 

BULE. 

Mnd from one of the equations the value of the 
qtmntity to be eliminated; substitute this value for thai 
quantity in tJie other eqitation, 

8. By Compaeison. 
93. Take the same equations as before: 

7ip 4 6y = 20 (1.) 

9aj — 4y = 14 (2.) 
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lading the values of a; in terms of y, from each of 

the equations, 

20 — Qy 

Placing these two values equal to each other, 

20 — 6y _ 14 + 4y 
t "" 9 

Here, x has been eliminated by comparison. 
In the same way, an unknown quantity may be elimi- 
nated between any two equations. Hence, the 

BXJLE. 

JB^nd from each equation the value of ths quantity to 
be eliminated/ place these values equal to each other. 

Of the three rules given, either one can be used, as 
may be most convenient. As a general rule, that one 
will be employed which gives rise to the simplest equa- 
tions. 

SOLUTION OF GROUPS OF SIMULTANEOUS EQUATIONS. 
94« Take the three equations, 

3a5 + 4y — 22 = 10 . . . . (1.) 
5sc — 2y + 32 = 16 . . . . (2.) 
4a5 + 2y + 2s = 22 . . . . (3.) 

Combining (1) and (2), also (1) and (3), elimina- 
ting z in each case, we have the new group, 

19a5+ 8y = 62 . . . . (4.) 
7aj+ 6y = 32 . . . . (6.) 
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Combuiing (4) and (5), eliminating y, we have the 

single equation, 

29x = 58 

Substituting this value of x in (6), we have, 

14 + 6y = 82 
. • . y = 3. 

Substituting these values of x and y in ( 1 ), we 

have, 

6 + 12 - 22 = 10 

In the same way, any group of simultaneous equations 
may be solved. Hence, the 

BULE. 

I. Combine one eqication qf the group with each of 
the others^ eliminating one unknown quantity: there 
will result a new group containing one equation less 
than the original group. 

n. Combine one equation of this group with ea^h 
of the others, eliminating a second unknown quantity: 
there will result a new group containing two equations 
less than the original group. 

m. Continue the operation until a single equation 
is found, containing but one unknown quantity, 

IV. Find the value of this unknown quantity by 
the preceding rules ; substitute this in either one of the 
group of two equations, and find the value of a second 
unknown quantity y substitute these in either of the 
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group of three^ finding a third unknovm quantity ^ and 
80 on^ tiU t/ie values of aU are found. 

In making the combinations, care should be taken to 
make them in such a way as to obtain as simple equa- 
tions as possible. When any unknown quantity does 
not enter all of the equations, it will in general be best 
to eliminate that quantity first. 

EXAMPLES. 

1. Solve the equations, 



X 



y _ 



2a; + I = 17 (2.) 

Clearing of fi'actions, 

5a; + 3y = 76 (3.) 

6a; + y = 51 (4.) 

Combining (3) and (4), 

13a; = 78 
.-. a; = 6 

Substituting in (4), 

36 + y = 61 

.'. y r= 16. 

2. Solve the equations, 

3a; — 4y + 6a = 14 (1.) 

3y + 22 = 10 (2.) 

12a; —Sy— 2 = 30 (3.) 

Combining (1) and (3), 

8y — 21ar = — 26 . . . . (4.) 
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Combining (2) and (4), 



792 = 158 
.-. « = 2 



And by successive substitution, 

y = 2 and a = 4. 

Solve the following groups of simultaneous equations: 



3. Bx + 4y 
2a; — y 

4. 1x — 3y 

2x + 2y 

6. 5x + 3y 
5aj — y 

6. 4a; + 3y 
3a; + 4y 

7. 6x+ 7/ 

a; + 6y 

8. 4a; + 5y 
3y-- 2a; 



= 26) 
= 18) 

= 16) 
= 19) 

= 12) 
= 37) 



9. a; — 3y = 6 



2a; + 9y 



= in 



10. a; + y + 2 = 6 ' 
5a; + 2y — 325 = 
2a; + 



11. 2x - Jy = 

x -f 



2y — 325 = >• 
y - 2 = 1 J 

y = 21 ) 



^n« 



^n« 



Ans 



( a; = 2. 

• ly = 3. 

(a; = 3. 

• (y = 8. 

( a; = 4. 

• (y = 2. 

( a; = 1. 
• ly = 4. 

. j^ = ^- 



^n^ 



^n« 



( y = 3. 

IX = 1. 



^n^. 




-4w5. 



{^ = 9. 

( y = 12. 



BIHULTANBOOS EQUATIONS. 



105 



12. 8a; + 2y — 


« = 7 


X + y " z = 1 


« + 2y + Sz =z 15 


13. JB ,1 


> 



fxz=z2. 
Ana. < y = 2. 



^n^. 



« = 3. 



aj = 10. 

y= 4. 



14. x + y X" y _ ^^ 



10 
x + y 



+ 



2 

05 — 



'--A 



Ana. 



35 = 4. 



y = 6. 



15. 2x^y 

4~" 

x + y 



8 
2 



3y 
4 



— -:=-^— 25— 2 



2* 



>• Ana. 



05 = 3, 



y = 5, 



16. 



2 3 
3^2 



12 



= 13 



Ana. -< 



05= 12. 



y = 18. 



17. 2a? — 2y + 3a = 16 
3a5 + 5y — 22 = 6 

4a5 + 3y — 42 = — 1 




18. 05 y 2 

3 + 4 + 5 

4 ^ 5 ^ 6 

05 V 2J 

- 4- - 4- - 

2 ^ 3 ^ 4 



= 47 



= 38 



= 62 



05= 24. 



Ana. "{ y = 60. 



2 = 120. 



6* 
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19. a? -f y __ 



21. 



22. 



24. 



25. 



z 

« — 2 



= 5 



= 1 



= \ 



Ans. •« 



05 =4. 



y = 6. 



2 = 2. 



20. 3.4a; — .02y = .01 
2a5 + . 4y = 1.2 



Ans 



(x = .02. 
' I y = 2.9. 



2a5 + y , Va5+6y + ll 



9 



18 



68 — 4a; 1 
6 



21/« , y 



20\7 ^4 3/ 



4a; — -^ — 24 



8 



Ans, 

x=1. 

y = 4. 



y 5 






X 



Ans. 



'+! 



a; = 



h- 



23. a; + i(y -f- 2) = 102 
y+i{x+ z) = 78 

2 4- i(a5 -f- y) = 61 



__ (ab^ac—bc)(ibc 
a^b^ + a V — ^c* 
(oc— o^— 5c)a^c 

^2^2 _^ ^2^2 — ^2^2 

f a; = 62. 
Ans. -{ y = 46. 

[ a = 34. 



6y - 


4a; 


32 - 


- 1 


52 - 


X 


2y - 


32 


P - 


22 



3y — 2a; 



= 1 



= 1 



= 1 



Ans. " 



X = 10. 



y= V. 



2=8, 



3 




4 




1 




38 1 


— 


— >— 




+ 


— 


**^ 




X 




6y 




2 




5 


1 




1 




2 




61 




+ 




4- 




^^^ 




3a; 




2y 




2 




6 


4 




1 




4 




161 




^^ 




+ 


— 


— 




5a; 




2y 




2 




10 . 



Ans. -* 



X = 



1 
7- 



y = i. 



2=i. 



* » 
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Example 25 may be solved, most readily, by assuming 

a;' = -, y' = -, and 2' = -, 

X ^ y z 



which gives for the group, 25. 

5 5 



— 4- — 4- 22' = — 
8^2^ 6 

6 2 + *^ - 10 



>■ 



a/ = 2. 



2^ = 8. 



«' =4. 



From which the values of x, y, and z, may readily 
be found. 



26. 2 ^ . 1 ^^ ' 
a; 3y 2 27 




1 . 1 . 2 _ 443 
4aj y * 2 72 


>> 


5 1 4 _ 433 
6a5 y 2 "" 36 ^ 




PROBT.P 


iMB. 



^^«. 



« = 6. 



y = 9. 



« = i. 



1. Find two numbers whose sum is a, and whose 
difference is b. 

Let X denote the greater number, 

and y denote the lesser number. 

From the conditions of the problem, we havei 



+ y = a) 

-y = bl 



which are the equations of the problem. 
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Solving, by the preceding rules, we have, 

ah - ah 

* = ;: + ;t5 and y = - — -• 
2 2' ^ 2 2 

Since a and h may be any numbers whatever, we 
have these general principles by means of which all 
similar cases can be solved: 

1. The greater number is equal to the hcHf sum 
increased by the half differ e^ice, 

2. The lesser number is equal to the half sum 
diminished by tJie half difference. 

2. If 2 be added to the numerator of a certain frac- 
tion, its value vnH become |; but if 2 be added to 
the denominator, its value will be ^. What is the frac- 
tion? 

Let X denote the numerator, 

and y denote the denominator. 

From the given conditions, we have the equations of 

the problem, 

x-\-2 3 _ X 1 

= 7, and — -— = -; 

y 4' y + 2 2' 

whence, a? = 7, and y = 12 : Hence, the fraction is y^j. 

3. The hands of a clock are together at 12 o'clock. 
When are they next together? 

Let X denote the number of minute spaces passed 
over by the minute hand, and y denote the number of 
minute spaces passed over by the hour hand. 

From the nature of the problem, we have, 

05 = y + 60 
X = 12y. 

.'. X = 65^, y = 5fJy. 

Hence, they are toc^ether at 1 h. 5 Am. 
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This problem has been solved already by means of 
a single unknown quantity, many of the following prob- 
lems can also be thus solved. 

• 

4. A person has 22000 dollars at interest, which yields 
him 1220 dollars annually; a part bears interest at 5 per 
cent., and the remainder at 6 per cent. How many 
dollars in each part? 

Let X denote the number of dollars in the first part, 

and y denote the number of dollars in the second 
part. 

From the conditions, 

X + y = 22000 

.' . X =z 10000, y = 12000. 

5. A^8 age is equal to twice ^^s age; 20 years ago, 
A^s age was 4 times ^^s age. What are their ages? 

Ans, A'^s 60; JS^s 30. 

6. There are two numbers : the first added to half 
the second gives 35 ; the second added to half the first 
gives 40. What are the numbers? Ans, 20 and 30. 

7. A man has three sons; the sum of the ages of 
the first and second is 27, that of the first and third is 
29, and that of the second and third is 32. What are 
the ages of each? Ans. 12, 15, and 17. 

8. Two men are in trade; the stock of the first 
increased by one thii-d that of the second, is $1 700 ; 
the stock of the second increased by one fourth that of 
the first, is $1800. What is the stock of each? 

Ans. $1200 and $1500. 
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9. Find two numbers such that ^ the first plus \ 
the second shall equal 45, and ^ the second plus I 
of the first shall equal 40. Ans. 60 and 60. 

10. The sum of the first and second of three num- 
bers is 13, that of the first and third 16, and that of 
the second and third 19. What are the numbers? 

Ans. 6, 8, and 11. 

11. Bought 100 lbs. of sugar and 80 lbs. of coffee 
for $28, and afterwards bought at the same rates 200 
lbs. of sugar and 60 lbs. of coffee for $36. What did 
each cost per pound? 

A713, Sugar 12 cents, and coffee 20 cents. 

12. There are three numbers; the first increased by 
twice the second and three times the third, makes 74; 
the second, increased by twice the third and three times 
the first, makes 90 ; the third, increased by t^vice the 
first and three times the second, makes 100. What are 
the numbers? Ans. 20, 18, and 6. 

13. A butcher bought of one person 12 sheep and 
20 lambs for 44 dollars, and of a second person Y sheep 
and 13 lambs for 27 dollars, at the same rates. How 
many dollars did he give a piece? 

Ans. 2 for sheep, and 1 for lambs 

14. Divide the number 1152 into three parts such, 
that 9 times the sum of the first and second shall be 
equal to 7 times the sum of the second and third; 
and if 8 times the first be subtracted fi^om 8 times the 
second, the remainder shall be equal to the sum of the 
first and third. Ans. 288, 384, and 480. 

15. A &rmer mixed rye and oats, forming 100 bushels 



\ 
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of the mixture. The rye was worth 96 cents per bushel, 
the oats 56 cents, and the mixture 72 cents. IIow 
m.any bushels did he use of each? 

Ans. 40 of rye and 60 of wheat. 

16. A peraon has two sorts of wine, one worth 40 
cents a quart, and the other 24 cents. Ilow much of 
.each kind must he use to form a gallon worth 112 cents. 

V Ans. 1 quart of the first, 3 quarts of the second. 

17. A and JS trade on a joint stock of 833 dollars, 
and clear 153 dollars. A^s share of the gain is 45 dol- 
lars more than JB^s. What share of the capital did 
each possess? Ans. A, $539; i?, $294. 

18. Two laborers, A and jB, received 51 dollars. A 
had been employed 14 days, and B 15 days; A re- 
ceived for 6 days' labor 1 dollar more than £ got for 
4 days' labor. How many dollars did each receive per 
day? Ans. A, li; ^,2, 

19. In 80 pounds of an alloy of copper and tin, 
there are 7 lbs. of copper to 3 of tin. How much 
copper must be added to the alloy, that there may be 
11 lbs. of copper to 4 of tin. Ans. 10 lbs. 

20. In 3 battalions there are 1905 troops; ^ the 

number in the first, together with J the number in the 

second, is 60 less than the number in the third ; ^ the 

number in the third, together with ^ the number in the 

lirst, is 166 less than the number of the second. How 

many are there in each battalion? 

An^. 630, 675 and 600. 

21. A grocer has three kinds of tea : 12 lbs. of 
the first, 13 of the second, and 14 of the third are 
together worth 25 dollars: 10 of the first, 17 of the 
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second, and 11 of the third are together worth 24 d(A 
lars; C of the first, 12 of the second, and 6 of the 
third are together worth 15 dollars. What is the value 
of a pound of each ? 

Ans. 50 cents, 60 cents, and 80 cents. 

22. A owes $1200, and B $2500; hut neither has 
money enough to pay his dehts. Says A to -B, "Lend 
me J- of your fortune, and I can pay my dehts;" says 
J3 to A^ "Lend me J of your fortune, and I can pay 
mine." What fortune had each? 

Ans. B^ had $2400; and A^ $900. 

23. The united ages of a father and son are 80 years; 
and if the age of the son he douhled, it will exceed 
the father's age hy 10 years. What is the age of each? 

Ana. 50 and 30. 

24. A travels uniformly along a certain road, B 
starts an hour afterwards in pursuit, and after 4 hours 
finds hy inquiry that he is travelling \\ miles per hour 
slower than A ; he then douhles his rate of travel, and 
overtakes A^ 6^ hours from the time he started in pur- 
suit. At what rate did A travel, and what was the 
rate that B travelled at first? 

Ans. A^s rate, 9f miles; J5'«, 8^. 

25. There are 32 gallons of wine in two casks. K 
from the first there he drawn into the second as much 
as there is in the second; then if there he drawn from 
the second into the first as much as remains in the 
first; and then if there he drawn from the first into the 
second as much as remains in the second, there will he 
16 gallons in each cask. How many gallons were there 
originally in each? Ans. 22 and 10. 
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26. A Cistern can be filled by 3 pipes. The first can 
^l it in 4 hours, the first and second together can fill 
it in 3 hours, and the third can fill it in 2 hours. 
How long will it take for them all to fill it together, 
and how long will it take the second alone to fill it? 

Ans. All in 1 h. 12 m. The second in 12 hours. 

27. A cistern has two discharge cocks: they both run 
together for two hours when the first one is closed ; the 
second one then empties it in 2 hours and 48 minutes. 
Had the second one been closed at the end of two hours, 
the first one would have emptied it in 4 hours and 40 
minutes. In what time could each empty it alone? 

Ans. The firet in 10 hours; the second in 6 hours. 

DISCUSSION OF PROBLEMS. 

95. The Discussion of a problem consists in making 
every possible supposition upon the arbitrary quantities 
which enter it, and interpreting the results. 

An Arbitrary Quantity is a quantity to which' a 
value may be given at pleasure. 

The discussion of the following problem indicates the 
general method of discussion, as well as illustrates the 
meaning of the plus and minus signs, as signs of inter- 
pretation^ together with the ideas to be attached to the 

symbols, 0,. oo , and - • 

PBOBLEM OF THE OOUBIEBS. 

96. Two couriers, A and B^ travel along the same 

line. It' J?, in the same direction, R' J?, and at uniform 

rates; the courier A travels m miles per hour, and the 

6 
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courier B^ n miles per hour. Now, supposing them to 

be separated by a distance a at any epoch, say 12 

o'clock, when are they together? 

W A B B 



Let the position of the rearmost courier, A^ be taken 
as the origin of distances, and suppose all distances esti- 
mated towards B to be positive. 

Denote the number of hours from the epoch to the 
time they are together by U Denote the distance the 
courier B travels in the time tj by a?; then will the 
distance that the courier A travels, in the same time, 
be denoted by a + sc. 

Then, since the distance travelled is equal to the 
number of hours multiplied by the rate per hour, we 
have the equations: 

mt = a + 05, 

nt z=i X, 

Whence, by solving, 

a wa , . ma 

t = , X = , and aj + a = 



m — n ra^n m •— n 

To discuss these values. The distance between the 
couriers may be assumed at pleasure; hence, a is arbi- 
trary. The rates of travel may, also, be assumed at 
pleasure ; hence, m and w are arbitrary. • From the 
nature of the case, a can never be negative; hence, 
the only suppositions that can be made upon a, are that 
it is positive, or a > ; or that it is equal to zero, or 
a = 0. The only hypotheses that can be made upon m 
and n , are my> n^ ni<Cn^ and m = n. By combining 
these suppositions, we may obtain the six suppositions : 
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1 . a > , and m > w . 4, a = , and m > n . 

2. a>0, and m<^n, 6. a = 0, and m<n. 

3. a>0, and m = n. 6. a = 0, and m = /i. 

We shall make each hypothesis separately. 

1. a>0, and m^n. 
This hypothesis makes both terms of the fraction 



positive ; hence,' the value of t is positive. 

We interpret this result as showing that the time 
required is after the epoch 12 o'clock. 

This interpretation is in accordance with the supposition 
made ; for, if m > ti , the courier A^ travels faster than 
the courier JB\ hence, after the epoch, the distance 
between them continually diminishes, and, consequently, 
at some time after the epoch they must come together. 

The same hypothesis makes both x and x + a posi- 
tive, showing, as before, that they are together some- 
where to the right of the origin of distances. 

2. a > , and m < w . 

This hypothesis makes the numerator of the fraction 
positive, and the denominator negative; hence, 



fn — n 

the value of t is negative. 

We interpret this result as showing that the time when 
they are together is before the epoch 12 o'clock. 

This interpretation is also in accordance with the suppo- 
ffltion made ; for, if m < n, the courier J5 travels faster 
than the courier A\ hence, after the epoch, they will 
continually separate. Before the epoch, they must have 
been together at some time, previous to which B was 
approaching A^ and after which the two were continually 
separating. 
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Tlio same hypotlicsis makes both x and x '\- a negsu 
tive, allowing as before, that the point where they were 
toizcther is on the lefl of the orinjin of distances. 

From this discussion, we see that if we regard time 
after an eix>ch, as positive, time before that epoch must 
bo regarded as negative ; if we regard distance, in one 
direction from a point as positive, distance in the oppo- 
site direction must be regarded as negative. 

It may be shown, generally, that if we agree to con- 
sider quantity, in any sense, as positive, quantity in an 
opposite sense tnu^t be regarded as negative. As signs 
of mterpretation, + and — are diametrically opposed 
to each other. 

3. a > 0, and m = n. 

This hypothesis makes the numerator of the fraction 

finite, and the denominator : hence, the value 

m — n ' ' 

of t is equal to a finite quantity divided by 0, or oo 

(Art. 73). 

This result is interpreted as showing, that the time 
from the epoch when they are 'together, is greater than 
any assignable time ; that is, they are never together. 

This interpretation is also in accordance with the sup- 
position made ; for, if m — ?i, the two couiiers travel 
at the same rate, and as they are separated by a dis- 
tance a, at the epoch, they will always have heen^ and 
will always he^ at the same distance apart ; that is, they 
can never be together. 

The same supposition makes both x and x + a infi- 
nite, showing that the distance firom the origin to the 
point where they are together, is greater than any assign* 
able distance. 
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4 and 5. a = 0, m > n, and a = 0, m < w. 
Either of these hypotheses makes the numerator oi 

Gb 

the fraction zero, and the denominator finite; 

in — n ' 

hence, the vahie of < is equal to divided by a finite 
quantity, or (Art. 72). 

This result is interpreted as showing that they are 
together at the epoch. 

This interpretation is also in accordance with the sup- 
position made; for, since (7 = 0, they are together at 
the epoch; and since m and 7i are unequal, they travel 
at different rates; consequently, they can never be toge- 
ther after the epoch, nor could they ever have been 
together before the epoch. 

The same hypothesis makes both x and x + a equal 
to 0, showing that the distance from the origin to the 
point where they are together, is 0. 

6. a = 0, and m = n. 

This hypothesis makes both terms of the fraction 
equal to 0; hence, the value of t is -, or, 



m —n ^ ' ' 0' 

indeteiininate (Art. 74). 

This result we interpret as showing that there are an 
infinite number of times when they are together. 

This interpretation is also in accordance with the sup- 
position made; for, a being 0, they are together at the 
epoch; and m being equal to w, they travel at the 
same rate ; consequently, they ivill be together at all 
times, both before and after the epoch 12 o'clock. 

The same hypothesis renders the values of x and 
X •\- a indeterminate, showing that there are an infinite 
number of distances, from the origin of distance to the 
points where they are together. 
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97. The general solution, t = , may be applied 

to the solution of a great number of similar problems. 
The general rule being, that the time required, in hours, 
is equal to the initial distance of separation divided by 
the relative velocity. 

We shall only apply it to a single case, tTie clock 
problem. 

To find when the hands of a clock will be together 
between 1 and 2 o'clock. Here, 12 o'clock is the origin 
of distance, and if we take the minute space on the 
dial as 1, the initial distance^ that is, the distance to 
be gained^ is 60 ; the rate of the minute hand is 60, 
that of the hour hand, 6 ; hence, 

fin 
t = — = lyV hours, or 1 h. 6y*y min. 

To find when the hands are together between 2 and 
3 o'clock, we have the initial space, 2 x 60, or 120, 
and the rates as before. Hence, 

120 
t = — = 2y\ hours, or 2 h. 10|? min. 

To find when they are together between 3 and 4 
o'clock, 4 and 6 o'clock, &c., the initial spaces are 180, 
2i0, &c. Hence, 

180 

t = = S^j hours, equal to 3 h. 16y\ min. 

55 

240 

t = = 4yir hours, equal to 4 h. 21y®y min., &a 

55 
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CHAPTER VI. 

FORMATION OF POWERS; BINOMIAL FORMUIiA. 

98. A Power of a quantity is the product obtained 
Dy taking that quantity any number of times as a factor. 

If the quantity be taken once as a factor, we have 
the first power, the other factor being 1, the base of all 
numbers; if taken t^nce, we have the second power; if 
three times, the tliird power ; if n times, the n^^ power, 
n being any whole number whatever. 

A power is indicated by means of the exponential 
sign : thus, 

(5a)^, signifying the square of 5a; 

(3a + hf^ signifying the third power of Za •\- h\ 

(7a — 2a;)'*, signifying the n*^ power of 7a — 2a5. 

By analogy, any quantity written with a negative or 

2 

fractional exponent, as (2a — cc)-^, (7a — 25)^, &c., is 
called a power, and read, (2a — x) to the minus three 
power, or (7a — 2^) to the two-thu'd power. 

POWERS OF MONOMIALS. 

99. Let it be required to find the third power, or 
cube, of ^a?x. 

From the definition of a power, and the rule for Mul- 
tiplication, we have, 

(7a2a;)3= la^ x 7a^x x 7a2a; = 7 x 7 X la^a^a^xxx = BiZa^a:^. 
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In a similar manner, any monomial may be raised to 
any power. Hence, the 

BULE. 

Raise the coefficient to the required power for a new 
coefficient ; torite after this aU the letters^ giving to each 
a7i exponent equal to the product of its original expo- 
nent by the exponent of the power. 

If the given monomial is positive, all of its powers 
are positive; if it is negative, its square is positive, its 
cube negative, its fourth power positive, and so on. In 
general, any even power of a negative quantity is posi- 
tive, and every odd power negative. These principles 
follow from the rule for signs^ in Multiplication. 





EXAMPLES. 




1. ( 


[Zax'yY. 


Ans. 9a^y\ 


2. 1 


[2a^y7^)\ 


Ans. Sa^y^iK^. 


8. 1 


[ — 2axy^Y. 


Ans. — Sa^a^y®. 


4. ( 


[ - Sa^b(^xy. 


Ans. Sla^b^c^^a^. 


5. < 


[ - Idx'y^y. 


Ans. — SiSd^x^y^. 


6. { 


[2x'^yzy. 


Ans. 32a5iSyV. 


1. 1 


[ - rf2jc3y*)3 


Ans. — d^ix?y^\ 


8. 1 


[ - aV^*)*- 


Ans. a;^y^2gi6^ 


9. 1 


[^iOxy^zy. 


Ans. Ua^otPy^s^. 


10. 1 


[ - 3aV)*. 


Ans. 81aV*- 



POWEKS OF FRACTIONS. 

100. Let it be required to find the third power of 
2a^ 
Sby' 
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From the definition of a power, and the rule for 
multiplication of fractions, we have, 

/2a^\3 _ 1d?x la^x 2a^x _ Sa^cc^ ^ 
\ 35y/ "" 3^y ^ 3^ ^ Ihy ~ 2lb^' 

and similarly for other fractions. Hence, the 

BULB. 

jRaise the numerator to the required power for a new 
numerator^ and the denominator to the required power 
for a new denominator. 

The rule for si&:ns is the same as in the last aiticle. 



• it)' 



EXAMPLBS. 



by 



4x / 



'•( 



^ (2aa?yV 

•• (- $)■• 



7. {^^. 






Ans. ^. 


. a^x^ 


Ans. 


I6a*x^ 
Sly' 


Ans, 


— 27y3 

64a^ 


Ans, 


ia^x^y^ 


Ans, 


21 y^ 


Ans, 


a^x^y^ 


Ans. 


81a^y^^ 
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•• (- ^)- 



(2aa;2)3 "" 23a3a^ 

Transferring the factors to the numerator, we have, 
(3a-2a;-*)2 = 9a-*a;-8. 
also, (2aa;2)-3 = 2-3^"^a5-^ = la-^gj-e^ 

In the same way, the truth of the principle may be 
shown in all similar cases. 

EXAMPLES. 

1. (a -2)2^ Ans. a-\ 

2. (aj-^y)-^. Ans. afi^^K 

8. (2ajV)'"^- ^ns. i<B-4y-«. 

4. (2a;-2y-3)-2. ^^, ^^, 



10. ( ^)- ^n.. ^^^— 

101. The rule for raising a monomial to any power 
holds true when the exponents of any of the letters are 
negative, or when the exponent of the required power 
is negative. 

Let it be required to find the square of Ba^^x^*^ 
and that power of 2aa^, whose exponent is — 3. 

It has been shown that any fiictor may be changed 
from the denominator to the numerator, or from the 
numerator to the denominator, by changing the sign of 
its exponent (Art. 32). Hence, 

also, (2aa;2)-3 = 



I 
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6. ( 


[aa;2y355-"2)*"^ 


^n«. a-^aj-Sy-g^e^ 


6. \ 


[2a-35-V)3. 


Arts. 8a-^d-^cK 


"J- { 


[- 3a5-iy-2)3. 


Arts, — 27a;~3y-^ 


8. ( 


;6a-2J-3c-2)-3, 


Ans, j^a^b^c^. 


9. j 


[— 2aj2y-r-3)-3, 


Ans. — ^a;~®y^ 


10. ( 


;- 2a5-2y-3)4, 


Ans. 16aj~^y-^2^ 


11. { 


[— 3aa;2y-is-2)-2,^ 


-4n5. ^a-^aj—^yV. 


12. 1 


;- 3a;-3y4)-4, 


^715. 8T^^^y~^^« 



POWERS OF BIJS'OMIALS. BINOMIAL FORMULA. 

102. A binomial may be raised to any power by the 
process of continued multiplication, but when the expo- 
nent of the power is greater than 2, the operation is 
greatly abridged by making use of the binomial formula. 

103. The Binomial Formula, is a formula by means 
of which a binomial may be raised to any power, without 
going through the process of continued multiplication. 

VMl. The following powers of a; + y are found by 
actual multiplication: 

(a; + y)i = aj + y. 

{x + yY = aj2 -h 2xy + y'^ 

{x + yY = a;3 -f- Zx^y + ^xy^ + y^. 

(a; + y)* = a^ 4- ^x^y -f Qx^y'^ + Axy"^ + y*. 

{x + yY = ic^ + 5a;*?/ 4- 10a;3y2 ^ \Ox^y^ -[- bxy^ -{- y^. 

And in the same way, the higher powers might be 
obtained. If we examine the powers akeady deduced, 
we see that they are all formed according to the follow- 
ing laws: 



124 EL£M£NT6 OF ALGEBRA. 



1. Law of Exponxntb. 



T%e exponent of the leading letter in tlie first term 
is equal the exponent of t/ie power^ and the exponent 
of that letter goes on diminishing by 1 in each term 
towards the right till tJie last term^ where it is ; the 
exponent of the following letter is in the first term^ 
and the es^onent of that letter goes on increasing by 
1 in each term towards the right to tJie last term^ 
where it is equal to the exponent of the power, 

2. Law of Coefficients. 

TTie coefficient of the first term is 1 ; the coefficient 
of any succeeding term is found by multiplying the 
coefficient of the preceding term by the exp07ient of the 
leading letter in that term, and dividing the product 
by the number of terms preceding the required term. 

Let us assume that these laws of foiiuation hold true 
for a power whose exponent is m, any positive whole 
number. The application of these laws gives, 

m> ""~ 1 
(« + y)* = af» + mxf^-^y + m . — - — aj*"-^^^ ^ 

m . — - — . — - — a?«-3y3 _(. ^c., + y«. 

If both members of this equation be multiplied by 
{x + y)t the first member will become {x + ?/)*• + ^ ; to 
find what the second member becomes, let us perform 
the miiiltiplication. 
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X + y 

171/ ~~ 1 



af*y + 



yyja*^ - iy'<i + <fcc. + mxy^ + y*""*"^ 



+ 1 



af*y + ^ 
+ m 



7/1 — 1 



+ 1 



ajy* + y"*"*"^ 



But, 



fn 



m — 



- + m = ml — ^ ^ ^ ) "^ ^ — T" 



(m + l)m 
2 



m — 1 m — 2 m 

fw • — - — • • — - — 4" ^* —*" 



1 m 

— = m» — 



\ 



m — 2 



+ 1 



_ (m + 1) m(m — 1) 
~" 1.2.3 

w — 1 m — 2 m — 8 m — 1 m—2 

fw • — r — • — - — * — : h m • — - — • — - — 

2 3 4 2 3 

(m 4- 1) m{m — • 1) (m — 2) 
"^ r.~2 .3.4 



The law of the coefficients is evident. 



) 



Substituting these, in the product, we have, 
(m + l).m(m — 1) 



+ 



1.2.3 



a^-2y3 ^^ ^(5^^ _[. ym + 1^ 
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If we examine the (m -f- 1) power, we see that the 
assumed laws of formation hold good in it. Hence, we 
have proved, that (/" the assumed laws of formation hold 
good when the expo2ie?it of the power is m, the^/ wiU 
also hold good when the expone^it is (m -f 1). 

Now, we have proved by actual multiplication, that 
the assumed laws hold good when the exponent is 5; 
hence, from what we have just proved, they will hold 
good when the exponent is 6. Hence, from the principle 
demonstrated, they must hold good when the exponent 
is 7; and if for V, then for 8; if for 8, then for 9: 
and so on, by successive deduction, it may be shown that 
the laws hold good for any whole number whatever. 

If then, we denote any whole number whatever by n, 
we shall have, from the preceding demonstration, 

w — 1 
(« + yY = a" + rvx^^-^y + n • — - — aj»-2y2 ^ 

91—1/1 — 2 ,,.«_ 

n • -y- — aj»-y + &c. + y«, 

which is the binomial formula. 

We have only proved the truth of the formula when 
n is a positive whole number; it is, however, true when 
n is either positive or negative, entire or fractional, as 
will be demonstrated in the Appendix. 

If we now change the places of x and y, we shall 
have, by the laws of formation, 

fi 1 

(y + ^y = y" + wy" -^x -}- n . — - — . y^ " 'h? -h 

n— 1 n — 2 _, o 
n . — - — . — - — 2/"-^aj3.4- ifcc. + «». 

The second member of this equation is the same as 
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the second member of formula already deduced, but 
taken in a reverse order. Comparing the two, we see 
that the coefficients of the two taken in the same order 
are equal, which shows that the coefficients of the second 
member of the binomicU formula^ taken at equal dis- 
tances from tJie extremes^ are eqvM. Hence, in forming 
any power of a binomial, it is only necessary to find 
the coefficients to the middle of the development; the 
remaining ones can be written from these in a reverse 
order. 

From the laws of formation, we see that there will 
be w + 1 terms in the development of the n^^ power 

of a binomial. Hence, when ti is an odd number, we 

n -1- 1 
must find — - — coefficients, but when n is an even 

To apply the formula to find any power of a bino- 
mial, we raise the first term to its successive powers 
as high as the w*^, and substitute them for the cor- 
responding powers of a; in the formula; we then raise 
the second term to its successive powers up to the n^^, 
and substitute them in the formula for the corresponding 
powers of y, substituting for n the exponent of the 
powers. 

EXAMPLES. 

1. Find the third power of a + h. 

Here, a tak^s the place of aj, ^ the place of y, and 
3 the place of n\ making these substitutions in the 
formula, we have, 

{a 4- hf = a3 -h Za'^h + Za¥ + h\ 

2. Find the fourth power of c + d. 



^ 
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Here, c takes the place of x^ d the place of y, and 
4 the place of w; making these substitutions, we have, 

(c -f dy = c* + 4c3(7 + Qc^d^ + 4c<?3 + d\ 

3. Find the fifth power of a + ft. 

We may T\Tite the hteral parts of each term of the 
development by the law of €xpo?ie7itSy giving, 

a«, a*b, aW, a^h^, ah\ and h\ 

The coefficients may be formed by the law of coeffi- 
cients. The coefficient of the first term is 1, that of 

6x4 
the second is 5, that of the third term is — - — , or 

10, and the remaining coefficients are the same, but 
taken in the reverse order. Hence, 

(a + hf = a» + 5a*ft + lOaW + lOa^fts + 5aft* + h\ 

4. Find the sixth power of {a + b). 
Proceeding as in the preceding example, we have, 

(a + by = a^+ 6a^b + I5a^b^+ 20a^^'\' 15a^b^+ Qab^+ b\ 

5. Find the fifth power of c -{- d. 

Arts. c« + 5c^d + lOc^d^ + lOc^d^ + 5cd^ + d\ 

0. Find the sixth power of c + ^. 

Am, c«+ ^cH 4- 15c*^2_(. 20c3c?3 + \hcH^-\- 6cc?*+ d^. 

1, Find the third power of a — ft. 

Here, a takes the place of x in the formula, — ft the 
place of y, and 3 the place of n, giving, 

{a - by = a:^ - Sa'^b + 3ab^ - ft^. 

When the second term of the binomial is negative, all 
the odd terms are positive, w^hilst all the even terms 
are negative. 
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8. Find the fourth power of c — c?. 

Ans. c* — 4c^d + Qc^d^ - 4cd^ + dK 

9. Und the fifth power of a — h, 

Ans. a^ - bd'h + lOaW - lOa^h^ + bah'' - h\ 

10. Find the sixth power of c — r?. 

Ans. c® - 6c5c?+ 15c*c?2 — 20cM^ -\- IbcH^ - Qcd^ + d\ 

It is to be observed, that any power of the difference 
of two quantities may be written out by the two laws 
for exponents and coefficients, provided the signs of the 
terms be made alternately plus and minusy as in the 
above examples. 

105# When the terms of the binomial have coeffi- 
cients, we may still write out any power of it by means 
of the binomial formula. 

11. Find the cube of 2a + Sb. 

Here, 2a takes the place of x in the formula, Sb the 
place of y, and 3 the place of n, giving, 

{2a+Zby = {2aY + S{2aY{Sb) + S{2a){Sby+{Sby . . . (1.); 

or, performing the operations indicated, 

{2a H- Sby = 8a3 + SQa'^b -f 54ab^ + 27b\ 

If we examine the second member of equation ( 1 ), we 
see that each term is made up of three factors; 1st, 
the numerical fiictor; 2d, some power of 2a; and 3d, 
some power of 3^. The powers of 2a are arranged in 
descending order towards the right, the last term involv- 
ing the power of 2a or 1 ; the powers of 35 are 
arranged in ascending order from the first term where 
the power enters to the last term. 

The operation of raising a binomial involving coeffi- 
6* . 
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cieiits, is most readily effected by 'WTiting the three 
factors of each term in a vertical column, and then 
performing the multiplications as indicated below. 

1 + 3 +3 + 1 Coefficients. 
8a3+ 4a2 + 2a + 1 Powers of 2a. 
1 -f 3^ + 9J2 + 2W Powers of 3^. 

(2a + 3^)3 = 8a3+ ^^a'^h-\-Uab'^-ir 2W 

The preceding operation hardly requires explanation. 
In the first line, write the numerical coefficients corres- 
ponding to the particular power; in the second line, 
write the descending powers of the leading term to the 
power ; in the third line, wiite the ascending powers 
of the following term from the power upwards. It 
will be easiest to commence the second line on the 
right hand. The multiplication should be performed from 
above, downwards. 

12. Find the cube of 3a + 2h. 

OPERATION. 

1 +3. +3 +1 Coefficients. 
21 a^ + 9a' -f 3a 4-1 Powers of 3a. 
1 + 2h -\- 4P +82>3 Powers of 2b. 



(3a + 2by = 2la^+54a'^b +S6ab^+Sb^ 
13. Find the square of 1x — 3y. 



OPERATION. 

1+2 +1 Coefficients. 

49a;^ + 1x + I Powers of 1x. 

1 — 3y + 9y^ Powers of — 3y 



... (7aj — 3y)2 = 4935^ — 42a5y + 9y2 
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14. Find the cube of 2x — Zy, 

OPERATION. 

1 -f 3 +3 + 1 Coefficients. 
8iK3 -J- 4iB2 4- 2aj + 1 Powers of 2x. 
1 — 3y + 9y2— 21 y^ Powers of — 3y. 

(235— 3y)3 = 8a:3 — ZQx^y + 54a^2_ 21y^ 

15. Find the cube of \x + Jy. 

OPERATION. 

1+3 +3 +1 Coefficients. 
\x^ + \x^ + {X +1 Powers of \x. 
1 + iy + J^y^ + ^7^^ Powers of §y. 

16. Find the fourth power of \a — Zh, 

OPERATION. 

1+4+6 +4+1 
V^*+ia3 +ia2 + la + .1 
1 — 35 4. 952 _ 27^>3 ^ 815* 

{\a-ZhY = tV»* - l«^^ +-V-a22^2_ 54aja+ 816* 

17. Find the cube of 2ax — Zby\ 

OPERATION. 

1 +3 +3 +1 

Sa^x^ + 4a^x^ + 2ax +1 
1 — 3jy2 ^ 9j2y4 _ 27^y^ 

(2005 — 3Jy2)3 _. 8a3a.3 _ 36a2&B2y2 + 54ab^xy* — 27%^ 

18. Find the fourth power ^^ -jr " -4* 
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OPERATION. 



1+4+6 +4 +1 

a^Qn^ a^7? a^x^ ax 

d ^ d^ d^ '^ d^ 



(oa; * oy\* __ a*a5* A:a?cQi?y Qd^chih/'^ Aac^xy^ 



19. Find the fourth power of mx + ny. 

20. Raise a — 2x to the fourth power. 

^/w. a* — 8a^x + 24a2a;2 — 32aaj3 + 16a*. 

21. (aj+ -V = cc3 4. 3^. + ? + 1 
\ a;/ x i& 



22 



/^ —'1!^ - 5! — ?? 4- 

' \a^ a; / ~ a^ a^ 



a^ 
a; aj^ 



23. (a^J — 1)3 = ixy^P9 — Sx'^p^ + 3a:i'? — 1. 

24. {e' — e-'Y = e^* — e-^* — 3(e* — e-*). 

25. (5— 4a;)* = 625— 2000a5 + 2400a;2— 1280a:3+ 256a* 

26. {5a^c^d — 4abd^y = (y25a^c^d^ — 2000a:^bc^d^ 
+ 2400a6JVc/6 _ I280a^b^c^d'^ + 256a*«>*c^^ 

POWERS OF POLYNOMIALS. 

106. The polynomial a + b + c^ may be written under 
the form, a-h{b+c); hence, (a+J + c)'» = [a+(^+c)]»; 
also, (2a--a;+3y+42)»», equal to [(2a— a;) + (3y+42)]* ; 
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and so on, for polynomials containing any number of 
terms. 

To raise any polynomial to a power, we write it under 

the form of a binomial, each term of which may be a 

binomial, or some other polynomial ; we then form the 

powers of these parts (by kno^vn methods), . and proceed 

exactly as with a true binomial. 

EXAMPLES. 

1. Find the cube of a + (b + c). 

OPERATION. 

1 + 3 + 3 +1 

a^+ a^ + a 1 

(a+b+cy z=z a^+3a^b-{'3a^c+Sab^-\-Qabc+Sac^+b^-{'Sb^c 

2. Find the square of (2a — x) + (3y + 4z). 

OPERATION. 

1 +2+1 

(4a2 -4aa5+aj2) + (2a— a) + 1 

1 +(3y+42) + (9y2+24y2+1622) 

{2a—x+Sy+4zY = 4a'^—4ax-\-x^-{'12ai/-\-16az—6x7/—Sxz 

+ 9y2+24y2+1622 

If a polynomial contains 5 terms, we first divide it 
into two parts, a binomial and a trinomial; find the 
powers of the trinomial, as shown above, and then pro- 
ceed as indicated, and similarly for any polynomial what- 
ever. 

3. (1 — 2a; + Sx^y = 1 — 6a5 + 21a2~ 44jc3^ q^^^a 
— 64a« + 2W. 
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4. {a* -a + iY = a* — 2a^ + fa^ - |a + ^. 

5. (a; — - - iV = aj3 - ~ - 3aj2 - -i + 5. 

\ 6 / 5 25 5 

8. (a,2^x + i)'=a^-2a- + ?a^-| + ±. 

0. (3a2 - 2a& 4- 5b^Y = 9a* - 12a35 + Z4a^b^ 

- 20a53 + 25K 

10. (2aj2 — 305 + 4)2 = 4aj* - 12a;3 + 25aj2 — 24a; + 16. 

11. (»« + 2aj2 + 3a; + 4)2 = jge + 4a;* + lOa;* + 20a;3 - 

25x^ + 24a; +16. 
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CHAPTEK VII, 

BXTBACTION OF ROOTS. 

lOy. A Root of a quantity is one of its equal factors. 
If a quantity be resolved into 2 equal factors, one of 
them is called the square root : the symbol for the 
square root is y^. If a quantity be resolved into 3 
equal factors, one of these factors is called the cube root : 
the symbol for the cube root is ^T . If a quantity be 
resolved into n equal Victors, one of these factors is called 
the w'^ root : the symbol for the n}-^ root is "/". 

108. The operation of finding one of the n equal 
Victors of a quantity (ri being any positive whole num- 
ber whatever), is called extracting its n^^ root. 

Instead of employing the symbols -y/^, ^^^ nT'^ ^q 
indicate the square^ cube^ n^^ roots, it is more conve- 
nient to employ the fractional exponents, ^, i, ^, 
which indicate the same thing. Thus, 

ya = a , ^^/a = a', 1^/a = a* ... 'i/a = a^ , 

It will be shown hereafter, that quantities affected with 
^'actional exponents may be operated upon by the same 
rules as when they are affected with entire exponents. 
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SQrA.in-: root o> NtrMBERS. 

109. The S^i Aj "i' of a number is one of its 

two equal factors. » 5 = 6x5; hence, 5 is the 

square root of 25 ; ' ;.t. is, ^"^ = 5, or (25)* = 6. 

The following table, Ncri; jd by actual multiplication, 
is employed in finding tixe square root of any number 
less than 100. 

TABLE. 

1 4 9 16 25 36 49 64 81 100. Powers. 
1234 5 6 1 8 9 10. Roots. 

To employ the table for finding the square root of 
a number less than 100. Look for the number in the 
first line; if it is found there^ its square root will be 
found immediately/ under it; if it is not fownd there^ 
it will fall between two numbers in that line^ and its 
square root will be found between the two numbers im- 
mediately below ; the lesser of the two will be the entire 
part of the root,, and will be the true root to within 
less than 1. 

If a number is greater than 100, it square root will 
be greater than 10, that is, it will contain tens and 
units. Let N denote such a number, x the tens of 
its square root, and y the units; then will 

N = (x-\- yY = ic^ -f 2a;y + 2/- = a;^ 4- (2a; + y^y- 

That is, the number is equal to the square of the tens 
in its root, plus twice the produH of the tens by the 
units^ plus the square of the units. 

We first find the te7is of the root. Since the square 
of tens can contain no significant figure less than hun- 
dreds, the two figures on the right may be pointed off, 
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and the square of the tens will be found in the number 
to the left of the point. Having found the tens, we 
subtract their square from the given number, and the 
remainder will be made up of twice the product of the 
tens by the units plus the square of the units. To 
find the units, divide the remainder by twice the tens, 
and the quotient will be the units, or a number greater 
than the units. To test it, add it to twice the tens, 
and multiply the sum by the number found; if the pro- 
duct is equal to the remainder, or less than it, the num- 
ber found is the root sought; but if greater, diminish 
it by 1, and test as before, till the correct number is 
found. 

In dividing the remainder by twice the tens, the last 
figure may be omitted, since twice the product of the 
tens by the units can nerer give a significant figure in 
the units' place. 

EXAMPLE. 

Find the square root of 1764. - 

OPERATION. 

Pointing off the two nght hand figures, 17*64 I 42 

there remains the number 17, the greatest 16 

perfect square in which is 16. The square 82 1 16 4 
root of 16, or 4, is therefore the number 164 

of tens of the required root. 

Write this on the right, after the manner of a quo- 
tient. Subtracting 16 hundreds (the square of 4 tens) 
from the number, the remainder is 164. Doubling the 
tens, we have 8, which is contained in 16 4, exclusive 
of the right hand figure, 2 times, which is the number 
of units: adding this to the 8 tens (which is done by 

writing it after 8), and multiplying the sum by 2, we 

7 
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have 164, equal to the remainder. Hence, if we write 
the 2 after the 4, in the root, we shall have the root 
sought equal to 42. 

When the number contains more than 4 places of 
figures, we point off two figures from the right, as 
before. The operation is then reduced to finding the 
S(]uare root of the remaining numbers, that is, the tens 
of tlie root. In finding this root, for the same reason 
as before, we point off another period of two figures, 
and tlie operation then is reduced to finding the square 
root of the remaining number, that is, the tens of the 
tens^ or hundreds of the root. If this number contains 
more than two places of figures, for the same reason 
as before, we point off another period of two figures 
to the right, when the square root of the remaining 
number will give the tens of hundreds^ or thousands 
of the root ; and so we continue pointing off, till a nura* 
ber is found on the left containing less than three places 
of figures : the operation is then but a successive applica' 
tion of that already explained. Hence, the 

R TJ I. E . 

I. Point the 7iumher off into periods of two figures 
each^ heginning at the tmits^ place, 

n. Find the greatest perfect square in the first period 
on the left^ and ]ilaoe its square root on the rights after 
the inatuier of a quotient in a division ,' then subtract 
the square of this number from the first period^ and 
bring doicn the next period for a remainder. 

HI. Double the root already found, and see how often 
it is contained in this remai?ider, exclusive of the right 
hand figure / write this qiiotient for a second figure ajf 
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i;^>9 



the root J annex it also to the divisor used: multiply 
the divisor thus increased by the quotient figure fo\ind^ 
subtract this product from the first remainder^ and bring 
down the next period for a second remainder, 

IV. Double the root already found and proceed as 
before^ continuing the operation till every period has 
been employed. If the final remainder is 0, the root 
is exacts if it is not 0, the root found is true to with- 
in less than 1. 

EXAMPLES. 

1. Fmd the square root of 273529. 

OPERATION. 

2/35*29 I 523 



10 2 


25 
23 5 




20 4 


104 3 


3 12 9 




3 12 9 



0. 



2, Find the square root of 61009. 



Ans. 247, 



Fmd the square roots of the following numbers: 



3. 4096. An^. 64. 

4. 682169. Ans. 763. 

5. 956484. Am. 978. 

6. 67198969. Ans. 7563. 



7. 68492176. Ans. 8276. 

8. 1018081. Ans. 1009. 

9. 9803161. Ans. 3131. 
10. 1522756. A71S. 1234. 
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SQUARE ROOT OF FRACTIONS. 

110. It has been shown (Art. 100) that a fraction ifl 
squared by squaring both numerator and denominator 
separately: reversing the process, we have for extracting 
the square root of a fraction the following 

RULE. 

Extract the square root of the mimerator for a new 
numerator, and the square root of the denominator for a 
new denominator, 

EXAMPLES. 

Extract the square roots of the following fractions: 



1. 



2. 



3. 



25 
86* 

256 
625 

98 



Ans. -' 
6 



or 



49 



242' 121 



Ans, 



Ans, 



16 
25 



11 



, 392 196 

4. ^^, or — — 
. 9 



5. 



18 ' 

2209 
196" 



Ans, — ' 



Ans, — • 1 

14 



6. 54^1 , or -^ . Ans. 1\, 



111. When the terms of the fraction, after being 
reduced to its simplest form, are not perfect squares, 
the exact root is then impossible. In such cases, we 
may multiply both terms by any number which will make 
the denominator a perfect square. Then, extracting the 
square root of the numerator to the nearest unit for a 
new numerator, and the square root of the denominator 
for a new denomiuator, the resulting fraction will be the 
true root to within less than the fractional unit. 
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EXAMPLE. 

Find the square roots of the following fi-actions, 
approximately : 

1. -—- =r — ; Ans, - to within -• 

8 16 4 4 

^19 19 X 32 . 24 ^ ... 1 

2. ■— = -— — -• Ans, -— to within — -• 

8 8 X 32 16 16 

By increasing the factor introduced in both terms, 

we may make the resulting root true to any degree of 
exactness. 

o 38 190 . 14 ^ ... 1 

3. -— = — — • Ans, -— to withm -• 

5 25 5 5 

^45 45 X 343 . 124 ^ ... 1 

A, -7- =: —r -—-' Ans, ——- to within — - • 

1 7 X 343 49 49 

^67 67 X 20000 . 1019 ^ . , . 1 

6, -— = — — tt:* Ans. ——— to withm 



u 



8 8 X 20000 400 400 

« 21 4200 . 65 ^ ... 1 

6. --- = -— — - • Ans, -— to within 



2 400 20 20 



SQUARE ROOT OF DECIMALS. 



112. The denominator of a decimal fraction will be 
a perfect square when the number of decimal places is 
even, and the number of decimal places in the root of 
the decimal will be half the number of decimal places 
in the given decimal. Hence, from the preceding prin- 
ciple, we have the following rule for finding the square 
root of any decimal fraction, to any degree of exactness. 

RULE. 

Annex 0'5 to the decimal till the number of decimal 
places is twice the number of decimal places required 
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in the root ; extract the square root of the resuU as 
though it were a whole 7iumber, and point off the r^ 
quired number of decimal places i?i the root. 

If we have a vulgar fraction, it may be converted 
into an equivalent decimal fraction, and then the above 
rule is applicable. The rule is also applicable to whole 
numbers. 

EXAMPLES. 

Find the square roots of the following decimals, approx- 
imately : 

1. 9.6 = 9.600000. Ans. 3.098 to within .001. 

2. 7.65 = 7.65000000. Ans, 2.7658 to within .0001. 

3. 15.2379. Ans. 3.90357 to within .00001, 

4. 4, or .571428. Ans. 0.755 to within .001. 
6. ^. Ans. 0.24253 to within .00001, 

6. 10^^. Ans. 3.209 to within .001. 

7. 5, or 5,000000. Ans. 2.236 to Avithin .001. 

8. 22. Ans. 4.69 to within .01. 

9. 153. Ans. 12.36931 to within .00001, 
10. 101. Ans. 10.04987 to within .00001. 

113. It is to be observed, that if a whole number 
is not a perfect square its exact square root cannot 
be found even decimally. That is, the square root of 
a whole number can never be a fraction. To prove 
this principle, let n represent any whole number, and 

suppose that its square root is an irreducible fraction, -, 
that is, 



a 



n = ^: 
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Squaring both members (Axiom 5), 

— ?!. — ^ ^ ^ 
^ " P" "" Txl* 

Since =- is irreducible, there are no common factors in 

-a and h ; and because the square of - is formed l)y 

taking each factor of a twice for a new numerator, and 
ejich fiictor of b twice for a denominator, it follows 
that a^ and 5^ have no common f ictors ; or, in otlier 

words, ^ is an irreducible fraction. We have, therefore, 

a whole number n, equal to an irreducible fraction, — » 

which is impossible; therefore, the supposition that the 
square root of a whole number can.be an irreducible 
fraction, is absurd. This kind of demonstration is called 
^^Heductio ad ahsurdum?'* 



CUBE KOOT OF NUMBERS. 

114. The cube root of a number is one of its three 

equal fiictors. Thus, 27 = 3x3x3; hence, 3 is the 

cube root of 27; also, 4 is the cube root of 64, be- 
cause 4 X 4 X 4 = 64. 

The following table, vcrilied by actual multiplication, 

is employed in finding the cube root of any number 
less than 1000: 

TABLE. 

1 8 27 64 125 216 343 512 729 1000 
12345 6 7 8 9 10. 

To employ the table in finding the cube root of a 
number less than 1000. Look for the number in the 
first line^ if found there^ its cube root is immediately 
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^010 it ; if the number is not i?i the first line^ it loiU 
be between two numbers in tJiat lifie^ and its root wiU 
faU between the corresponding numbers in the second 
line; the lesser of ths two is the entire part of the 
cube root required^ that is^ it is the cube root to tcithin 
less than 1. 

If the number is greater than 1000, its cube root will 
be greater than 10, that is, it will be made up of tens 
and units. Denoting the number by iVJ the tens in its 
cube root by a, and the units by 5, we shall have, 

iV^ = {a + by = a^ + Sa^b + Sab^ + b\ 

That is, a number is equal to cwJe of the tens of its 
cube root, plus three times the product of tJie square 
of the tens by the units, plus three times the product 
of the tens by the square of the units, plus the cube of 
the units. 

We first find the tens of the root. Since the cube 
of the tens can contain no significant figure of a less 
denomination than thousands, we point off three figures 
from the right hand, and find the cube root of the 
remaining number to within less than 1 : this will be 
the tens required. ' We next subtract the cube of the 
tens fi-om the period on the left, and bring down the 
period on the right for a remainder. This remainder is 
made up of 3 times the square of the tens by the units, 
plus other parts. If, therefore, we divide it by 3 times 
the square of the tens, the quotient will be the units or 
some greater number. Since 3 times the square of the 
tens by the units can give no significant figure less than 
hundreds, in making the division, the last two figures in 
the remainder may be pointed off and not used. To test 
the accuracy of the units found, annex it to the tens and 
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form the cube of the result; if this cuhe is equal to, or 
less than the given number, the root found is correct; if 
it is greater, the last figure must be diminished until the 
cube of the root found is equal to or less than the given 
mmaber. 

If the number to the left of the first period of three 
figures on the right contains more than three figures, the 
tens of the root will be made up of tens of tens^ or 
hundreds^ and units of tens, or tens / and for the same 
reason as before, a second period of three figures must be 
pointed off, and so on until the first period on the left 
contains three figures or less ; it may contain but 2 figures, 
or it may contain but 1. The root is then found by a 
repetition of the process above given. Hence, the 

K n L E. 

I. Separate the number into periods of three figures 
each, beginning at the right hand ^ the left hand period 
may contain less than three figures. 

n. Fi7id the greatest perfect cube in the first period 
on the left, and write its cube root on the right, after 
the manner of a quotient in division. Subtract the 
cube of the root found from the first period o?i the 
left, and bring down the next period for a remainder. 

HI. Divide the remainder, exclusive of the two right 
hand figures, by three times the square of the root found, 
and annex the quotient to the root. Cuhe this number 
{diminishing it by 1, 2, <&c., if necessary), and sicbiract 
the result froin the first two periods, and bring down the 
next period for a second remainder. 

IV. Divide this remainder by three times the square 
of the root already found, proceeding as before, and conr 
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timie the operation till all the periods have been used. 
If the final remainder is 0, the root is exact ; if not^ th6 
root is true to within less than 1. 

EXAMPLE. 

r 

1, Find the cube root of 389017. 
Here we have two periods. The 

, . . ,r,^ , , V OPERATION. 

greatest cube m 389 is 343 (Table) 



and its cube root is 7. Subtract- 389 017 I 73 

ing 343 from 389, and bringing ^^^ 

down 017, pointing off two fig- ^^'^ I ^^9.^'^ 

/ >i«A VI. (73)3=389 017 
ures, we have 460, which con- ^ ^ 



tains 3 X 7^ = 147, 3 times. 

Annexing 3 to 7, we have 73; and cubing, we find 
the given number, which being subtracted, leaves for a 
remainder 0. 

2. Find the cube root of 111980168. 

OPERATION. 

lll'980*168 [482 



48 I 479 80 
(48)' = 110 592 



^ (49)3 = 117649. 



6912 13881 68 



1119801 68 


Here we have three periods. The greatest cube in 
the first is 64, and its root is 4. Subtrjp,cting 64 from 
111, bringmg down the second period and pointing off 
two figures, we have 479, which contains 3 x 4^ = 48, 
9 times. Annexing 9 to 4 and cubing 49, we find 117649. 



> 
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which is greater than the first two periods. Cubing 48, 
we find a result less than the first two penods; hence, 
8 is the second figure of the root. Subtracting (48)^ 
fi'om the first two periods, bringing down the third 
period and pointing off two figures, we have 13881, which 
contains 3 x (48)2 = 6912, 2 times. Annexing 2 to 48 
and cubing, we find for a result the given number: 
hence, the cube root required is 482. 

. 3. Find the cube root of 2460375. Ans. 135r.^ 

4. Find the cube root of 11089567. Ans, 223, 

5. Find the cube root of 40353607. Ans, 343. 

6. Find, the cube root of 403583419. Ans. 739. 
• 7. Find the cube root of 115501303. Am, ''487. 

115. The process of extracting the cube root of a 
number may be generalized. Let 9i be the index of the 
rootj n being any whole number. We point off the 
given number into penods of 7i figures each, begiiming 
at the right : the left hand period may contain less 
than 71 figures. We next find the greatest ;/^^' power 
in the first penod on the left, and write its n^^' root 
for the first figure of the required root. Wu then sub- 
tract the n^^ power of this root from the first period, 
bring down the next period, and point off 7i~ I iigures 
to the right. Dividing the number thus oljtained by n 
times the {n — 1)^'^ power of the root found, we get 
the second figure of the root, or a figure too great. 
The figure foimd is tested, and the proof continued as 
in finding the cube root. 

EXAMPLE. 

1. To find the 5th root of 116856001. 
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OPERATION. 

1158*56001 I 41 



1024 



5 X (4^ = 1280 ) 1345 6001 
(41)« = 11585 6001 







116. When the index of the requu*ed root is com* 
posed of two fiictors, the operation of extracting the 
root may be simplified. 

Let JV be any nmnber, and assmne 



W^ = r (1.) 

Raising both members of (1) to the mS^ power, we 
have, 

^/W =z r^ (2.) 

Raising both members of (2) to the n*^ power, we 

have, 

1^=7^^ (3.) 

Extracting the mn^^ root of both members of (3), we 
have, 

"^"tJW - r (4.) 

Things which are equal to the same thing are equal 
to each other; hence, placing the first members of (1) 
and (4) equal, we have. 



mn 



W= y^TN. 




From which, we conclude that tJie mn^^ root of any 
number is equal to the m*^ .root of the n}^ root of 
that number. 

We may, therefore, factor the index and extract that 
root of the number indicated by one of the fiictors, an^ 
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then that root of the result indicated by the other factor. 
It will be simplest to begin with the least factor. 

EXAMPLES. 

1. Find the fourth root of 923521. 

We have, V 923521 = 961, 

and, -v/oei = 31. 

Hence, 31 is the root required. 

2. Find the sixth root of 191102976. 

We have, '/191102976 = 13824, 

and, 3/13824 = 24. Ans. 

3. Find the fourth root of 65536. Ans. 16. 

HIGHER ROOTS OF FRACTIONS. 

117. It has been shown (Art. 100), that a fi-action 
may be raised to any power by raising the numerator 
to that power for a new numerator, and the denomi- 
nator to that power for a new denominator. Reversing 
the principle, we have the rule for .finding any root of 
a fraction. 

RULE. 

Mstract the required root of the numerator for a 
new numerator, and the same root of the denominator 
for a new denominator. 

EXAMPLES. 

1. Find the cube root of -^j. Aiis. f. 

2. Find the cube root of •^. Ans. f , 
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■» 

8. Find the cube root of Tif^T* Ans, -fi. 

' 4. Find the fourth root of 29tf-. Arts. 2f 

6. Find the fourth root of 104m. Ana. 3^, 

6. Find the sixth root of llff. Ana. If. 

118. If the terms of the fraction are not exact 
powers of the degree indicated, we may multiply both 
terms by such a number as will make the denominator 
an exact power of that degree. Then, extracting the 
required root of the resulting numerator to within less 
than 1, and writing the result over the required root 
of the denominator of the fraction, the result will b« 
the true root, to within less than the fractional unit. 

EXAMPLES. 

Find the cube roots of the following numbers: 

7 . . 1 
Ana, - to within - • 

4 4 

Ana, - to within -• 

8 8 

^^^' Tn» ^^ ^'^ *^ within .1. 
210 630 





173 346 


1. 


32 "~ 64 




125 250 


2. 


256 "~ 512 


3. 


278 - 2'«««« 



4. Find the fourth root of 



2187 6561 

5 1 

Ana. to within - 
9 9 



119. The denominator of a decimal fraction is a 
perfect n^^ power (?i being any whole number), when 
the number of decimal places is divisible by w, and the 
number of decimal places in its ;/-^^ root is the n^^ 
part of the number of decimal i)liices in the given deci- 
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mal. Hence, from the preceding piinciple, we have the 
followmg rule for finding the n}^ root of any decimal 
fraction to any desired degree of accuracy. 

R.ULE. 

Annex 0'« to the given decimal, till the number of 
decim.dl places is n titnes the num,her in the required 
root ; extract the n*^ root of the result, as though it 
toere a whole number, and point off the required num- 
ber of decimal places in the root. 

The rule is applicable when the fraction is a vulgar 
one, for we may convert it into a decimal one by known 
rules; it is also applicable to finding an approximate 
root of a whole number. It may be shown, as in square 
root, that the n^"^ root of a whole number can never 
be a fraction ; hence, if the number is not a perfect 
n'^ power, its w'^ root can never be exactly found. 

EXAMPLES. 

Find the cube roots of the following numbers, approxi- 
mately : 

1. 5.8. Ans, 1.7967 to within .0001. 

Ans. 4.6856 to within .0001. 
Ans, 0.873 to within .001. 
Ans, 0.941 to within .001. 
Ans. 4.344 to within .001. 

6. 660. Ans, 8.198 to within .001. 

7. Find the fourth root of 72. 

Ans. 2.91 to within .01. 



2. 


102.876. 


3. 


f 


4. 


*. 


6. 


82. 
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8. Find the sixth root of 28.25. 

Ajis, 1.745 to witiiin .OOL 

Find the fourth roots of the following numbers: 

- 9. J. Ans, 1.15 to within .01. 

10. 8Jf. Ans, 1.69 to Avithin .01. 

11. 13. Ans. 1.89 to within .01. 

12. Find the cube root of 58230.6. 

Ans. 38.76 to within 01. 

ROOTS OF MONOMIAI^. 

120. We have seen (Art. 99) that any monomial can 
be raised to any power by raising the coefficient to the 
requh-ed power for a new coefficient, and giving to each 
letter an exponent equal to its original exponent, mul- 
tiplied by the exponent of the required power. Revers- 
ing the process, we have a rule for extracting any root 
of a monomial. 

RULE. 

Extract the required root of the coefficient for a neto 
coefficient ; after this^ write aU the letters^ giving to 
each an exponent equal to its original exponent^ divided 
by the index of tlie required root. 

This rule, combined with the rule for extracting any 
root of a fraction already given, enables us to extract 
any root of a monomial, whether entire or fractional. 

exa:mples. 

Find the square roots of the follo^nng fractions : 

1. Oa^h^xK A71S. Zah^x. 

2. 49a2cc*y6^ Ans. laxh/ 



BOOTS OF MONOMIALS. 153 

8. 51^. Ans. ^ 

la 4 

5. 25a-2j-*c2^ -4ns. f^a-^h-'^c 

Find the cube roots of the following fractions : 

6. Sa^J^y^ Ans, 2aJb'^y^ 

8. Find the fourth root of ^^rr' ^w^- ^ 

6252^ 5^2 

9. Find the cube root of Z^Zx-'^y^. 

Ans, 7a5-^y~2 
10. Find the fifth root of aj-^Oy-^OgS^ 

Ans. SB - 2y - *2, 

Since the square of + a is a\ and the square of 
— a is also a% it follows that a^ has two square roots 
+ a and — - a. Further, since every even power of a 
positive quantity is equal to the same power of that 
quantity taken with a negative- sign, it follows that 
every positive quantity has two square roots, two fourth 
roots, two sixth roots, &c., which are equal numerically, 
but have contrary signs. Thus, 

-y/lhaW = dz5ab; ^IQa'b^ = ± 2ab^ ; ^./a^ = ± a^b. 

It is impossible that any even power of a quantity, 
either positive or negative, should be a negative quan- 
tity. Hence, it is equally impossible to extract any even 
root of a negative quantity. An indicated even root 
of a negative quantity, is called an imaginary quantity. 
Thus, -/ — 4, -y/ — a^, V — ^^, are imaginary quantl 
ties. 
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Every odd power of a negative quantity is itself ncga* 
tive, and consequently every odd root of a negative 
quantity must be negative. Every odd root of a posi- 
tive quantity must of course be positive. Hence, the 

RULE. 

Every even root of a positive quantity must have 
the double sign^ ± ; evei^ odd root of any qua7itity 
must have the sign of the quantity. 

In the preceding examples, only the numerical value 
of the roots have been considered; hereafter, the proper 
signs will be prefixed to the results. 

EXAMPLES. 

11. Find the cube root of — 27a3a5~y. 

Ana. — Sax-^yh 

12. Find the square root of -^«*&*. Ans, ± -a^b^. 

13. Find the 4th root of a*''»aj®^y*'». 

Ans, ± dl^T^"^. 

14. Find the cube root of — 612a- ^. 

Ans. — 8a" ^, 

15. Find the 5th root of — 82a;-fiy-io, 

Ans. — 2a5-'y-2^ 

16. Find the square root of ^ ^ , • 

17. Find the cube root of — ^, ^^ » 
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81 62*25* S(XX 

18. Find the 4th root of — 5 — Ans. ± — - • 

y^ y^ 

19. Find the 5th root of 777-' Aub. =• 

ylO 2/2 

20. Find the square root of 900a'ic*2/^. 

Ans, ± ZOax^yK 

ROOTS OF POLYNOMIALS. 

121, To deduce a rule for extracting the square root 
of a polynomial, let us suppose the root to be known, 
and to be arranged with respect to some letter. We 
may regard the root as composed of the first term plus 
the sum of aU the other terms. Hence, its square, 
which is the given polynomial, will be made up of the 
square of the first term^ plus twice the product of the 
first term by the sum of dU the other terms, plus the 
sguare of the sum of oM the other terms (Art. 106). 
Now the square of the first term of the root must be 
of a higher degree with respect to the leading letter 
than any other term. Hence, if we arrange the given 
polynomial with respect to any letter, the square root 
of the first term will be the first teim of the required 
square root. If the square of this term of the root be 
subtracted from the given polynomial, and the first term 
of the remainder be divided by twice the first term of 
the root, the quotient will be the second term of the 
root. The remainder of the process of finding the square 
root, is entirely analogous to that already explained for 
finding the square root of a whole number, and will be 
best understood from an example. Let it be required 
to extract the square root of 9a;* -j- \^qi? + 28a;2 -f 
16a; + 16. 
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OPERATION. 

9a5< + 12iB3 H- 28aj* + 16a5 + 16 \ Sx^ + 2x + 4: 

9a^ 

6x^ + 2x\ 12a3 + 28052 + i6a5 + 16 ... Ut remainder. 
12x^ + 4a;2 
635^ 4- 4aj + 4 24a;2 4. iqx +16 ... 2c? remainder. 

24a;2 + 16a; + 16 

... 3c? remainder. 

The polynomial is arranged with respect to x. Tho 
square root of the first term is dx^. Subtracting 92c* 
from the given polynomial, and dividing the first term 
of the remainder by 6x\ which is double 3a;^, we find 
2x for the second term, which we add to the root and 
also to the divisor. Multiplying the divisor thus aug- 
mented by 2a;, and subtracting the product firom the 
first remainder, we have a second remainder. Doubling 
the root already found, and dividing the first term of 
the second remainder by the first tenn of the last divi- 
sor, we find 4 for the third term. Adding this to the 
root and to the second divisor, and multiplying the divi- 
sor by the last term found, we find for the final re- 
mainder ; hence, the root required is, Sa;^ -|- 2a; + 4. 

In the same way, the square root of any polynomial 
may be found. Hence, the 

RULE. 

I. Arrange the polynom,ial with reference to some 
letter^ and eoctract the square root of the first term, for 
the first term of tJie root. Subtract the square of this 
term from the 'polynomial for the first remainder. 

n. Double the root already founds and place it on 
the left of the first remainder for a divisor ; divide t1}4 
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first term of the first remainder by this divisor^ for the 
second term of the root; add the quotient to the root 
founds and also to the divisor ; multiply the divisor^ 
thus augmented^ by the last term of the root founds 
and subtract the product from the first remainder for 
a second remainder, 

in. Double the root already found for a second divi- 
sor. Divide the first term of the second remainder by 
the first term of the second divisor for the third term 
of the root; add this term to the root and to the second 
divisor^ and proceed as before^ continuing tlie operation 
as far as desirable. 

If a final remainder is found, equal to 0, the root is 
exact; if not, the root is only approximate. 

EXAMPLES. 

1. Extract the square root of a*— 2a3+ Sa^ — 2a + 1. 

OPEBATION. 

a* — 2a3 -f 3a2 — 2a + 1 | g^ — a + 1 
a* 



2a2 — a — 2a3 + Sa^ 

- 2a3 + a2 
2a^ — 2a + 1 I 2a2 — 2a + 1 

2a^ — 2a + 1 

In finding the several remainders, all of the terms need 
not be brought down : only as many as are needed. 

Extract the square roots of the following polynomials: 

2. 9a;2— 30aa;+25a2+6a3+ % - ^dh^ A. 3aj-5a - % - 

4 2 

3. 4aj* + 8aaj3 _|_ 4^2^.2 ^ 16^2^.2 4. iQab^x + 165*. 

Ans. 2x^ + 2.ax + Ah\ 
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49 16 3 4 6 23 4 

9 25 ^ 16 15 6 6 8^5 4 

8. (a + a;-^)2— 4(a5 — a;-i). ^w«. 35 — 35-^ — 2. 



9. 9a2'« + 6a3«+i 4- 25c2»»-* — 30««c«-2 + a*"*^^ 

10. 49aj* + 9 — H — 

6 5 25 jg 

^rw. Ya;^ — - + 3. 

5 

m />j2 /jjS 

11. 1 + X. Arts, 1+^ q'^Ta"" *^*' ^* 



^2^ 2y2 
2y2 "^ aj: 



-^^- —2+^ + 1- 



133. The process of finding the cube root, or any 
higher root of a polynomial, is entirely analogous to 
that for finding the corresponding root of a whole num- 
ber. The reasoning in the two cases is entirely the 
same. The method will be best understood by an exam- 
ple. Let it be required to find the cube root of 

a;6 + 6a^ — 40aj3 + 96aj - 64. 



ROOTS OF POLYNOMIALS. 



169 



OPERATION. 



aj6 + 6x5 __ 40a^ + qqx — 64 | a;^ + 2x — 4 



8a5* + 6a^ 


aj6 + 6x5 -1- i2a;i + Sx^ 


3x* + &c. — 12x* -- 48x3 



x« + 6x5 — 40iB3 4- 96a5 _ 64 

I " - ... ■! _J — 



The cube root of x^ is x^: subtracting (x^)^ or x^, 
fi'om the given polynomial, the first term of the remain- 
der is 6x5; the other terms are not brought down. 
Three times the square of x% is contained in 6x5, 2x 
times ; hence, 2x is the second term of the root. Cubing 
a^ + 2x, and subtracting from the original polynomial, 
the first term of the remainder is — 12x*. If now, we 
square x^ + 2x, and multiply by 3, the first term is 3x*, 
which is contained in — 1 2x*, — 4 times ; hence, — 4 is the 
third term of the root. Cubing x^ + 2x — 4, we find 
the original polynomial; hence, it is the root required. 

Again, let it be required to find the fourth root of 

16x* — 128x3y + 384x2y2 _- 512xy3 _|_ 256y*. 

Extracting the square root, we have, 

4x2 — 16xy -f 16y2; 
and the square root of this polynomial gives, 

2x — 4y, 
which is the fourth root required. 

EXAMPLES. 

Find the cube root^ of the following polynomials : 

1. 8x3 _ 12x2 + 6» - 1. Ans, 2x — 1. 
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'I 

2. ajs— 6jc* + 15a* — 20x3 + \bx^ — 6a -f 1. 

Ana. a;^ — 2aj + 1. 

8. 64a« — 288a« + lOSOa^ - 1458a - 729. 

Arts. 4a^ — 6a - 9. 

4. 1 — 6a5 + 21iB2 — 44aj3 + 63a* - 64aj« + 27iB®. 

Ans. 1 — 2aj + 3a?. 

By extracting the required root of the first and last 
terms, two terms of the root may in general be found, 
from which the remaining ones may, in general, be 
determined by inspection; the whole root may then be 
verified as above. Experience will suggest many other 
simplifications in what is at best but a tedious operation, 
and fortunately not of frequent use. 
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CHAPTER VIII. 

TBAIS^SFOBMATION OF RADICALS. RADICAL EQXJATIOKS. 

133. A Radical is an indicated root of an imperfect 
power. Thus, -v/s, ^^/S^ are radicals. A radical is some- 
times called a surd. Radicals are divided into degrees, 
the degree being determined by the index of the root. 
When the root is indicated by a fractional exponent, the 
degree of the radical is determined by the denominator 
of the fractional exponent. 

^^/a^ V^> * » (^^^> are rculicals of the second 
degree. 

3\/«> X/^t « » (^an/^)', are radiccds of the third 
degree. 

^ _ i i. 

»/<j, 2*1/2, «*, (2flK8^)*, are radicals of the n^^ degree. 

134. Radicals are similar, when the radical parts 
are the same; this requires that they be of the same 
degree^ and that the quantities under the radical sign be 

the same in each. Thus, *l^/z and 4^/3^ are similar; 

— ^ i. J. 

also 12 y7 and 4y7; also ckb* and &b**. 

8 
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PRINCIPLES EMPLOYED IN TRANS FOEMING RADICALS. 

125. Let n denote any whole number whatever, and 

assume 

«/a X y?" = p (1.) 

Raising both members of (1) to the n^^ power, remem. 
bering that (!l/a)" = «, and (ll/^)" = ^, we have, 

ab = p* (2.) 

Extracting the n'^ root of both members of (2), we 
have, 

!^/a^ = p (3.) 

Things equal to the same thing are equal to each 
other: hence, equating the first members of (1) and 
( 3 ), we have, 

'^x^ = \/ab .... (4.) 
Again, assume 

^= «? (5.) 

Raising both members of ( 5 ) to the n}^ power, 

f- = 2" . . . . • (6.) 
Extracting the n^^ root of both members of (6), 



7 (?.) 



Equating the first members of (5) and (7), 
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It may be shown, as in Art. IIG, that when m and n 
are any positive whole numbers, and a any quantity, we 
have, 

VV^ = *"\/a (9.) 

From equations (4), (8), and (9), we have the fol- 
lowing principles: 

1. The product of the n^^ roots of two quantities^ is 
equaZ to the n*^ root of tJieir product^ and the reverse. 

2. The quotient of the n^^ roots of two quantities, is 
equal to the w** root of their quotient, and tJie reverse. 

8. T7ie m** root of the n^^ root of any quantity, is 
eqiuzl to the mn*^ root of that quantity, and the reverse. 

These pidnciples are of continual application in the 
transformation of radicals. 

126. It has already been shown, that radical quantities 
can be expressed by means of fractional exponents. The 
following table of equivalent expressions indicates the 
different methods of expressing radicals, powers, and 
reciprocals, according to the conventional principles already 
alluded to: 

l/^' V^' equivalent to x^, y^. 

2 

V^» V^' equivalent to a;% y 
85" ^ y"*> equivalent to 






1 1 





aj3' yn 

3 «» 



equivalent to x ^, x n. 



These are but different methods of writing the same 
expressions, and we may, at any time, pass from one form 
of expression to its equivalent. 
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To reduce a radical to its simplest form. 

lay. A radical is in its simplest form when there 
is no fe,ctor under the sign which is a perfect power. 



Take the radical, -y/a^^y'^ By factoring, we have, 

Va^S*y^ = ^ahu'^y^ x ay. 
Hence, from Principle (1), we have, 

^\/cMy^ = yaVp x V^ = ci^^yVciy. 

In a similar manner, other radicals may often be 
simplified. Hence, the rule for reducing a radical to its 
simplest form, 

B u L E. 

Resolve the quantity under the radical sign into two 
factors^ one of which is the greatest perfect power 
indicated, Extract the required root of this factor^ and 
write it as a factor without the radical sign^ leaving 
the other factor under the sign. 

Before pronouncing upon the similarity of two radicals 
they should both be reduced to their simplest form. 

EXAMPLES. 

Reduce the following radicals to their simplest forms: 
1. y4'8a*ic2y _ y'i6a*ic2x3y, Ans. 4a2a.y^. 



2. \ / — zmr = \ / — 77. X — • Ans. 

V l^Wx V 49^2 3a. 



5a 

rb\ zx 



Ans, (a + x) -/a — x. 



4. \/2a^x -f a^T? = ^^a\2ax + aJ^). 

Ans, Ya ^2ax -f «*• 
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5. '/g + !/l, + ^ 




25 ' V 72 V 125 

^'^- ^VI + Tvl + ^v^- 

It will often be convenient to multiply both terms 
of a fraction by such a quantity as will make the 
denominator a perfect power of the degree indicated, 
in which case, the fe<jtor remaining under the sign will 
be- entire. . Thus, in the 5th example, 

3 /54 3 /8X3X5 23 /"" _ 3 /5 3 AY5 j 
V25 = V--l25- = 5V''5also,^^2 = V216 = 6^^ 

6. 2Vi + vT- •^^- l/is + jyls. 

7. 73/1 -4*/^". ^/15. vV^-2*/44: 

8. VT50'+ V1805 + ^320. 

^W5. 5-v/6 + 19-v/5 + 4 ^5. 

0. 1^/768 + yaP^^'h'^ ^^608. 

.4n5. 4 y^ + aft !^/a^ — 2 ^19^ 

I 10. ^ax^ — -600; + 9a. -4/w. (a; — 3)y^. 



— i 



11. (a*«J2pc3)* + (a3 - a^ft)* 



12. (a*ft3c)* + (aW)*. Am. a2J(ftc)* + aft(a2)*. 
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To introduce a factor under the radical sign, 

138. Take the example, 4a'\/2c. Since yT6a^ = 4a, 
the given expression may be ^vritten, 

4aV^ = yiGa^ x V^ 

which, by Principle ( 1 ), gives, 



4a-/2c = -/iCa^x 2c = -v/32a2^ 

In like manner, any factor without the radical sign 
may be introduced, as a factor, under the radical sign. 
Hence, the 

RULE. 

liaise the faxitor to the power indicated^ and torite 
it as a factor under the radical sign, 

EXAMPLES. 

Transform the following radicals by introducing the 
coefficients, as factors, imder the radical signs : 

1. Y-v/Soaj. Ans, ^I47aa> 

Ans, \ / 

V 343 

8. 1a\/2x + l%/l2, Ans. -/OSa^aj + ^. 




4. 9-v/3 + 3 ^3 + 2 \/SaK 

Ans. v^43 + ^ 4- *^128a5. 
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Ans. 'i/32a - -/I323a3 — \/a^. 

6. ^vf- V^+^'Vl- 

This transformation is often useful in finding numerical 
values of radicals. Thus, it is easier to find the cube 
root of 432 than to find 12 times the cube root of J-, 
to which it is equivalent. 

To change the index of a radical 



139. Take the radical, y3a. Since 3a is equal to 
-/3a X 3a, or y^^^ ^e have, 

^/3a = \//9a2. 

But, from Principle (3), yy^o^ = ^/9a^; hence, 

3/3a = 5/9a2. 

Here, the radical having an index 3 has been trans- 
formed to an equivalent radical, having an index 6. 

In like manner. 
Again, we have from Principle { 3 ), 



But, -y/iOa^aj^ = lax; hence, 

\/49a2;^ = -/Tool 



168 ELEMENTS OF ALOEBBA. 

In like manner, we have, 

Since we may operate in the same way in all simikr 
cases, we have the following 

BULE. 

The index of any radical may be multiplied by any 
number.^ provided we raise the quantity under the radical 
sign to a power whose exponent is the same number. 
Also, tJie index of a radical may be divided by any 
number, provided we extract that root of the quantity 
under the radical sign whose index is the same numr 
ber. 

The same principle is illustrated, when the radical is 
denoted by fi*actional exponents, as follows : 

{ay is evidently equal to (a)', since |^ = J. 

3 1 

Also, (a) is equal to (a) , since ^j is equal to \\ 
that is, 

a** = a" ; and a = a , 
or, by writing the equivalent expressions. 

These are the same results as obtained by the rule. 
Hence, in the cafee of fractional exponents, we may mvl' 
tiply or divide both terms of the fractional exponent 
without changing the value of the radical. 
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JBZAUPLES. 

Verify the following equations: 

2. «/25 - «^ - 8^49 = y^ - y^ - yr 

3. 3 yo«— 2aa!+ay'— 2 %/Ba^3? = Z^a — x — 2.^2cix. 



4. y/a— SB —y/a+x = yo*— 2aa!+af'— ya*+2aa!+Jc». 

6. (oa)* + (Jy)* = (005)* + {byf' 
6. (8)*- (y)* = (2)* - (y)*- 

iL 1 

* — " 7b reduce radicals to a common index, ii 

130. Radicals may be reduced to a common index 
by means •of the preceding principle. Let it be required 
to reduce the radicals, -y/a, ^/^ and */ci to equivalent 
ones having a common index. Here, the least common 
multiple of the indices is 12 ; reducing each to the index 
12, by the foregoing principle, we have, 

-y/^ = 12/^^ l/F^z ^%/W, and \/c=z ly^. 

AH other cases may be treated in the same way. 
Hence, the 

RULE. 

Find the least common 'multiple of tJie indices^ and 
reduce each radical to that index, 

M 

When the radicals are expressed by fractional expo- 
nents, we have simply to reduce these exponents to a 
common denominator. 
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EXAMPLES. 



1. Reduce 2, (3) , (a) , and (5) , to a common index. 

Ans. (212)^, (3*)^, (a^)^, and (*3)A 

I 2 2. 

2. Reduce a\ b\ c^, and d^y to a common index. 

Ans. (a3)* (^12)*^ (c*)*, and .(t/*)*. 

3. Reduce ^0"+^ ^a — ic, and ^/a^ __ /g2^ |;q ^^ 
common index. 



4. Reduce -y/f, 5/^, and Sy^ to a common index. 

Ans. 2^/9V, i/4, and 5^/W. 

6. Reduce oaj, (5aj) , («b)', and (c/aj) , to a common 

"^^®^- JL A. tVt • x)W 

^715. (ai2a;")^, (b^x^)^, {Cx'V^, and (d^^ar^)^. 

6. Reduce ca^ (cfo^)*, and (2*) , to a common index. 

Ans. i^'^)^, (da^)^, and («♦)* 



Y. Reduce ^/7i y^, and ^JyV-? to a common 
index. Ans. ^/So, yJOOO, and ^-W^- 

8. Reduce -y/f, \/H^ and y^l331, to a common 
index. Ans. y^ Vl» ^"^^ V^ 

ADDITION OF RADICALS. 

131. Radicals cannot be added, unless they are simi- 
lar, any more than feet can be added to pounds. Hence, 
the first step is to see whether the given radicals are 
similar, which can only be determined by reducing each 
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to its simplest form. It will happen, in the general case, 
that the radicals, when reduced to their simplest forms, 
have coefficients. Any factor written without the radical 
sign, is to be regarded as a coefficient. Since the coeffi- 
cient indicates how many times the radical part is to 
be taken, we have, for adding similar radicals, the 
following 

RULE. 

JRedtcce the radiccUa to their aimjylest forms; th^ti, if 
they are similar^ add the coefficients for a new coeffi' 
dent, and torite the sum before tJie common radical part. 
If they are dissimilar, the addition can only he indi- 
cated. 

EXAMPLES. 

Find the sums of the following radicals: 

1. yi8, y/32, yso, and ^72. Ans, 18^2". 

2. 2y^, 3^50, and 6^18. Ans. 37^2. 

3. ^/h -v/tV and v'if. ^ris. rViy^. ^ 
-^ 4. f 3y^, i 3^, and f 3yx A71S. I y G. 

6. x^\2a^x, 2a2y/2753, 3ay48a'^^, and ba^x,/^x. 

A71S. 25a2aj /3ar, 

6. \/6iaF+W, a^i6a^-3^>6^ and \fia^^'^^. 

Ans, {^d% 4- 2^2 -f a«+-^) y'la^, 

7. 6^/452, 2^2a, and ^8a\ .471.9. 9 y27^ 

8. 2y/3; i^\2, 4^27, and 2^7^- ^^^s- Vy^- 

9. Zh yia^h\ n\f^c^, and 8a ^2^265. 

Ans. \%ahy'id^h^. 
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,^ oft , rc^^ 'on 



— • 

c 

— c 



SUBTBAOnON OF RADICALS. 

133. As in addition, the radicals most be mmilar. 
The rule results from that for addition. 

BULB. 

Reduce the radicals to their simplest forms ; then^ if 
they are similar^ subtract the coefficient of the sybtra^ 
hend from that of the minuend^ and write the remainder 
before the common radical part. If they are dissimilar^ 
the operation can only be indicated, 

EXAMPLES. 

1. Prom v^320, subtract y^ -^^^« ^V^* 

2. From b\/21c^, subtract ^216a«**. 

Ans. —Sa^b^/b. 

3. From ^a^+2a^-{-ab\ subtract ^a^—2a^b+cU>\ 

Ans, 25-|/ai 

4. From |^ + f ^A, subtra<5t i\/=V 

Ans. HV^- 

6. From ^2S9a% subtract yT44a^. Ans. 5a\/^. 



6. From 2^Sa^+5y'^na\ subtract 1a^/\Ba+ -/SOoJ^ • 

Ans. (13a — 6 J) y^ 
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7« From (a — a;)ya2 — aj2, subtract \/ 

V Qi ~"~ SB 

\ a — xf ^ 

8. From y^ + 092^ subtract \/512. 

^w«. 7 y^ — 8. 

MULTEPLIOATION OF RADICALS. 

133. Since two radicals may always be reduced to 
a common index, we may take a^A ^^^ <^\f^-i to 
represent any two radicals whatever. The indicated pro- 
duct is, 

We may change the order of the fectors without 
changing the value of the product; we may therefore 
write the product under the form, 

ac ^yjh X »/^ 
But, from Principle ( 1 ) , y^ x "^Jd = ^Jhd ; hence. 

Whence the following 

RULE. 

jReduce the radicals to a common index/ then mul- 
tiply the coefficients together for a new coefficient^ and 
the qtuintities under the radical signs for a new 
quantity under the radical sign^ leaving the index 
unchanged. 
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EXAMPLES. 

t 

Multiply the foUowing radicals : 

_ ^' 
1. 3-v/8 X 4^48*. Ans. 12-v/a84 = 96^6. 

8. 4-/r2"x 3v^. ^w«. 12-v/24 = 24^6^ 



4. iV^X #3/12. ^/i«. i^48 = i^ 



6. Sa-v/^ X - V^' Ans. -—ay/ab^ = — - y^- 



. 6. y2aF X -/8«^^. Ans. yi6a*6* = 4a2^. 

7. yTx ^5. 

^m. 6^/512 X ^/25 = y 12800 = 2^/200. 



8. Vl^\/i- 




6/1 6 /2'7 « fin 1« 727 



1 3 A 1 a /i 

^""- 48V48 = 96V6' 



By combining the above rule Avith that for the mul- 
tiplication of polynomials, complicated radical expressions 
may be multiplied together. 

10. Multiply y5"+2^S + 4, by \fx \- 1\fx. 
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« r 

FIKST OPERATION. ^ SECOND OPERATION. 

\/x 4-2^+4 «*,+ 2a;* + 4 

^+2^/^4-4 3/^ a^ + 2a;* 4- 4a;* 

+ 2 yS3"4- 4 X/x^ 8 V^ 4- 2a;* + 4a;* + 8a;* 

V^ 4-54 V* 4- 8 ^4- 8 ^ a;* 4- 4a;* 4- 8a;' 4- 8a;* 

The two results are identical, but the second has been 
obtained by following the ordinary rule for exponents. 
Hence, we conclude that the rule for multiplication is the 
same whether the exponents are entira or fractional. 

11. (o* 4- «*«* 4- «*« + a*) X (a* - a;*). 

Ans. a — x\ 



12. (x + ^ + .^q+^) X (x + ^-y/g+^). 

Ans. x^ + px — q, 

"•(i\/f+\4)x(fvf-\/r)- 

Ans. -^ 3« 

14. (V'a"*4-V?^ X (V«"*-%*4 

Ans. \J a-'^ — y crh. 



a^ . c 



^715. -- 4- -Va^ — c*. 

4 2 
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Ans. 16a; -^ 



DIVISION OF BADICALS. 



J 



134. Let a\fb and e%/d represent any two radt 
cals, after having been reduced to a common index. The 
quotient of the first by the second may be represented 
as follows: 

But, from Principle (2), ^4= = Kj •^\ hence, 

yd ^ d 

cV5 " c\d* 
Whence, the 

BULE. 

Meduce the radicals to a common index ; then divide 
the coefficient of the dividend by that of the divisor 
for "a new coefficient, and tlie quantity under the radical 
sign i7i the dividend by that in the divisor for a new 
quantity tender the radical sign, leaving the index wv- 
changed. 

EXAMPLES. 

Perform the following indicated divisions: 



73/2 133/1 

• 3V3 ^ TVs* 



A 28 

Ans, — 

39 




2- \\J\ -^ Wr ^^^- ^v^= 3T 
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8. \sj^a^ ^ iV 2&». 



Atis, - 




, 1 /S" 13/1 ■ 16 /T \^ f\ 36 /T 

^- Ws-^ wr ^^- 2V27 -^ 3V9 = 2V 3- 



6. 2V^2^ -4- i/i^. 

Am. 2\/8o3a3 



. 2'^/^ - 'y/S^ = 2'y/^ 



By combining the above rule with that for the divi- 
sion of polynomials, any complicated radical expression 
may be divided by another. 

6. Divide x + ^/xy + y, by ^/x + \fxy + Vy. 

FIRST OPERATION. 



aj+ -y/xy + y 
a? + \/«^+V5y 



V^4- \/^ + ^/y 





SECOND OPERATION. 



X + a;-y^ + y 

— ay + y 

— aj*y* — x-'y^ 



x"" + a;V* + y^ 

o^-^y* + y^ 



« y 



8* 



i ^ , if. 

ay- + aj y + y 

a; V + a;^/ + y 
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The two results are identical; but the second one has 
Deein obtained by following the ordinary rule for expo- 
nents. Hence, we conclude that the operation for divi- 
sion is the same whether the exponents are entire or 
fractional. 

3 1 1 

Am. Sx^ + 2a5^y + i^^y^ + ^y^. 
BEDUOnON OF BADICALS. 

135. It is often useful to transform radical expres- 

flions of the form /=- . 7=, and "";= 7^, into 

yo + yc yo — yc 

equivalent expressions, in which the denominator is 
rational, that is, when it contains no radical expres- 
sions. 
The first form may be thus transformed, by multiplying 

both terms by yT — -y/c ; and the second, by multiplying 

both terms by V^+ -y^ giving 

a\^— a-y/c , a\^ + a^c 

ana r • 

o — c o — c 

If only one term of the denominator is affected by a 
radical, the same rule will hold good. 

EXAMPLES. 

Render the denominators of the following fractions 
rational : 

2 . 2-v/3 — 2-v/4 

2. "-^^ An.. !4±|V3. 

^2 - -v/3 2-3 



/- 
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8. — . Ana, ^^ = v3. 

11 - 2'/3 109 109 ^ 109^ 

. 3 . 24 — 3i/2 12 3 y- 

8 + V^ 62 31 62 ^ 

6. (V3- V2) ^ (V^ + 1). 

-4/1^. -^2 — -v/3 + -v/6 — 2. 

6. 4 ^ (-v/6 4- 1). Ans. y^ — 1. 

V. (Va + X + >/« — aj) -f- (-v/o + 05— yiaT— a). 

^^- i + V ^ - ^- f ' 



136. In the solation of certain equations, it oftentimes 
» becomes necessary to extract the square root of expres- 
sions of rtie form, a + y^ and a — ^h. In some cases, 
this operation may be performed, in other cases it cannot 
be performed. To investigate a rule for determining 
when the operation can be performed, and the manner of 
performing it, assume 



^a+ ^h ^ X -\-y (1.) 

^a — y^ = a? — y (2.) 

Squaring both members of ( 1 ) and ( 2 ), 

o+ yj = {c2 + 2icy + .V2 . . (3.) 

a- V^ = a;2 - 2a^ + y2 . . (4.) 

Adding (3) and (4), and omitting the common &o< 

tor 2, 

a = x^ 4- y^ (5.) 
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Multiplying (1) by (2), 

^d^ — h = aj2 — y2 {^^^ 

Adding and subtracting (5) and (6), 



7? = ^-^ • • • (7.) 

y = 2 • • • (S-) 

Now, \£ a? — b is a perfect square, its root may be 
represented by c. Substituting in (7) and (8), and 
extracting the square root of each member of both 
equations (Axiom 5), we have. 



= \/^. and y = y/^ 



— c 



These values, substituted in ( 1 ) and ( 2 ), give, 

v'^-Vf = x/4^ - x/^ . -(10.) 

The square root of the given quantities may be ex- 
tracted when a^ ^ b is a perfect square, and the roots 
may be obtained by substitution in ( 9 ) and ( 10 ). 



EXAMPLES. 

1. Required the square root of 14-(-6y^,= 14+-v/180. 



Here, o=14, 5=180, and c=:-v/l96— 180=4 : hence> 



v^r^:^;?! = /i±i + /iZi = 8 + vs: 
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2. Required the square root of 18 — 2'v/V7. 

Here, 0=1 8, ^>=308, and c=-\/324— 308=4; hence, 




8., Required the square root of 94 + 42^5. 
\ ' Am. 1 + S-v/S' 

4. Required the square root of 28 + 10 y 3. 

Arts. 5 + V^' 

^ OPERATIONS ON IMAGINARY QUANTITIES. 

risy. An Imaginary Quantity is an indicatpd e\8n 
root of a negative quantity. Thus, y — 4, */ — 16, 
— a^, are imaginary quantities. 
The rule deduced for multiplying radicals requires 
some modification, when applied to imaginaiy quantities. 
By the rule already deduced, the product of -y/— 4 by 
y^— 3 would be equal to ^/l2 \ whereas, the true 
product is — V^^, as will be shown hereafter. 
■ Every imaginary quantity of the second degree can, 
¥^ Principle (1), (Art. 125), be resolved into two fac- 
^^bf«, one of which is y^— 1 ; the other may be either 
vibrational or irrational. Thus, 

yCIi" = 2^^ -v/^rr yi* X -/-l, -yZ—a^ = a^f-i. 

The fiwtor, y^— 1, is called the imaginary factor^ and 
the other one is called its coefficient. Thus, in the ex- 
pression, y^ X -y/— 1, the factor y^ is the coefficient 

of the imaginary factor y^ — 1. 

When several imaginary factors are to be multiplied 
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together, we first reduce them to the form, ayj — 1. 
We can then multiply together the coefficients of the 
imaginary factor by known rules. It remains to deduce 
a rule for multiplying the imaginary factor into itself or 
what is the same, for raising the imaginary fiictor to a 
power whose exponent is equal to the number of ^u^ors. 
The first power of -y/ — 1, is y^ — 1 ; the second 
power, by the definition of square root, is — 1 ; the 
third power, is the product of the first and second 
powers, or — ly^ — 1 = — y^ — 1 ; the fourth power, 
is the square of the second, or + 1 ; the fifth, is the 
product of the first and fourth, that is, it is the same 
as the first ; the sixth, is the same as the second ; the 
seventh, the same as the third ; the eighth, the same as 
the fourth ; the ninth, again, the same as the first ; and 
so on indefinitely, as shown in the table, n, being any 
whole number. 

(-/^T)* = +1. (lA^)*" = 1. 

To show the use of this table, let it be required to find 

the continued product of -y/— 4, -y/— 3, -y/— 2, -y/— 7, 

and -y/— 8. Reducing these expressions to the proper 
form, and indicating the multiplication, we have. 

Changing the order of the factors, 

(2 X -v/3 X V2 X -/f X 2-v/2) ( V^^H^. 
Hence, the product is equal to, 8y21 x -/— 1 = 8-v/^T. 
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BXAMPLES. 

Perform the multiplications indicated below: 
1. ^-a^ X ^/-b\ Ans. a x ^(v^^^ = — oJ, 



Ans. abc{\^— l)\ = — - aibc^— 1. 

8. V-a^ X V— *^ X V-c2 X -/^^•'*. 

Ans. al>cd{^—\y = a^ce?. 

4. (4 + V^^) X (3 - -/^^). Ans. 14 - v^^. 
6. (2 — -v/— 2) X (2 — -y/— 2). ^7?.^. 2 — 4 v^^^. 



6. (3 — V^^ X (3 H- V- 2). ^W5. 11. 

From what precedes, it follows that the only radi- 
cal parts of any power of an expression of the form, 
a ± h^— 1, will be of the form c-/— 1. 

Properties of Imaginary Quantities. 

138« 1. A quantity oj; the form^ a^/ — 1, cannot 
he equal to the sum of a rational quantity and a quarts 
tity of the form^ ft-y/— !• 

For, if so, let us have the equality. 



a-/— 1 = X + 5-/— 1. 
Squaring both members, we have, 

- a2 = aj2 4. 2^-/^=! — b\ 
Transposing, and dividing by 25a5, 

52 _ ^2 _ 352 



^/^ = 



2to 
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an equation which* is manifestly absurd, for the first 
member is imaginary, and the second real, and no 
imaginary quantity can be equal to a real quantity. 
Hence, the hypothesis is absurd; and, consequently, the 
principle enunciated is true. 

In the same way, it may be shown that no radical 
of the second degree can be equal to an entire quan- 
tity plus a radical of the second degree. 



2. If^ a 4- ^V~- 1 = « + yV"— Ij then a =z x^ and 
b = y. 

For, by transposition, we have. 



b\/ — 1 = (a; — a) 4- y-/— 1. 

But from the preceding principle, this equation can 
only be true when aj — a = 0, or a5 = a; making this 
supposition, and dividing both members of the given 
equation by -y/ — 1, we have b = y: which was to be 
shown. 

In the same way, it may be shown that, when 
a 4- -y/b = X -{- y/y^ we shall have, a = cc, and b =.y\ 
that is, in all equations of this form, the rational and 
radical parts^ in each member^ are respectively eqical to 
each other, 

3. The product of two /actors, of the forms^ 
X — (a .+ ^-v/—"!), and x ■— {a — 5-/— 1), is positive 
for all real values of x. 

For, performing the multiplication, we find the pro- 
duct equal to, 

x^ — 2ax-{- a^ + b^; 

which can be written under the form, 

{x - a)2 4- b\ 



RADICAL EQUATIONS. 185 

Now, whaterer may be the value of aj, the part 
{x — ay will be positive, since it is a square ; b^ is also 
positive ; hence, their sum, or the required product, is also 
/ positive: which was to be proved. 

U- ' — 

BADICAL EQUATIONS. 

139. Radical Equations are equations containing 
radical quantities. No fixed rules can be given for solving 
such equations. The methods of proceeding will be best 
illustrated by examples. 

BXAMPLBS. 

1. Given ^x + 16 = 2 + V^ ^o ^^ ^ 

Squaring, 

aj + 16 = 4 + 4yS + X. 

Transposing and reducing, 

V* = 8. 

Squaring, 

a; = 9. 



2. Given 1 — y^l — a? = n{l + -/I — «), to find w. 

Reducing, 

1 - w = (w + l)-v/r^"». 

Squaring, 

1 — 2n + w* = (^2 + 2w + 1) (1 — aj). 
Whence, 

4n 

8. Given ^a + x — -/a — x = y^, to find Q6» 
Squaring a^d reducing, 

2a — aa; = 2\/a^ — as^. 
9 



y 
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Squaring, 

Reducing, and dividing by jb, 

(a» + 4)aj = ^a\ 

Whence, 

4a2 
a? = 



a«+ 4 



aj — 1 v^ — 1 

*• ^'^^° :^^+i = * + ^ — 

Reducing, 

V«- 1 = 4 + ^ 2 ; 

or, 

Va — 1 = 8. • 
Transposing, 

ya = 9 ; aj = 81. 

5. Given = ~" , to find as 

-v/a2 + a.2 y/^2 + (c - a;)2 

Squaring, 

aj2 __ (c— a;)2 

oM^ ~" &2 ^ (c — aj)2 ' 

Clearing of fractions, 

^2ic2 ^ a;2(c - a;)2 = a2(c - xY + a?^(c — «)«. 

Reducing, 

h^x^ = a^(c ■— x)\ 

Extracting square root, 

bx = a{c — x). 

ac 



• . 



X = 



a + b 



«• ^"^'^ ^Va - ^^T^+ 2^ '^^^■' 



BADICAL EQUATIONS. 187 

Reducing, 

V^— ^/cL = - — —^ — V 2'\/a. 
Whence, 

or, \/x = 4^\/a. 

.*. X = 16a. 

7. Given SySa; H ^— ^-^ — 5^ — ^ = 16a5+3. 

Transposing, 

81(3+4-v/3V^) 
16a!-8V3vS^+8 = (4y^_y^)(4^ + V3)* 
Factoring, 

, /- /^ 81-/3(t/3 + 4Vg) 

(4i/a!- -/Sf = ^^^_ y3)(4y5 ^^) • 

Reducing, 

(4Va-V^)3 = 81-v/3 = 27^27. 

Extracting cube root, 

4^5— -/S = 3-v/8. 

Transposing, 

4ya = 3v^+ \/b. 

Dividing by 4, and squaring, 

(3^3 + V3)« _ 
X = jg - 8. 

Solve the followuig equations : 



8. y«" = 1 + ^/x^-^. Ans. X = 25. 

9^ yS"+ -/a; — 3 = 3. Arts, x =z 4. 



18S 
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\ 



\ 



\ 



f 10. V^— \/2 = ^/x — 2. 

1. ^405 + 3 = 3. 

2. V5a; + 4 = 2 + -y/sS. 

3. 2v^— Va = 2-v/a5 — o. 



Ans. a? = 6. 

^7W, a; = 12. 

A 25a 

16 



4. a + x = ^x^ + 5a; — a. 

a 



^n«. X = 



a^ + a 



5. -y^a — X = 



-v/a — X 



— a;. 



1/5 — 2 a? — 4 



Va + 2 



5 — 2a 
^n^. 05 = a — 1. 

^n^. a; = 42f 



7. a; — yaM-ay^~— 1 = a. Ana. x = 



4ag + l 
4a 



8. ^x + « = V^+ i/aJ — «. 



. 6a 

Ans. aj r= — -• 

4 



^ -y/5 -I- ya — aj . 9a 



20. yTlTx + \/l -aJ = y^. 

ax— 1 ^ , yox — 1 

21. -7= = 4 + -5^—- 

y/ax-^l 2 

a? a V a^ V < 



10 



-4.n5. a; = 1. 



Ans, X = — • 

a 



' +4 



52^.2 jg4 

^n5. X = 



23. o + aj + -y/a + &b + a;^ = J. ^715. a? = 



0^2 



a2~ J2 

^_2a^ 
35 — 2a 



a?— 9 a; -4 4^35 — 16) , 
24. -^= + - = ~-~ ^ . A718. X = 66J. 1 



yS -f- 3 y£— 2 \/x + 4 
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CHAPTER IX. 

EQUATIONS OF THE SECOND DEGBEE. 

EQUATIONS CONTAINING BUT ONE UNKNOWN QUAN- 
TITY. 

140. Equations of the second degree, containing but 
one unknown quantity, may always be reduced to the 
form of 

Take the equation, 

2 4 6 ^ 3 

Clearing of fractions by multiplying by 12, and perform* 
ing indicated operations, 

6jb2 — 18a; + 60 = 72 — 8a?» + l^x^ + 16aj 4- 4. 

Transposing unknown terms to the first member, and 
known terms to the second member, 

6aja + 8a5» — lex^ — 18a5 — 16a = 72 + 4 — 60. 
Factoring and reducing, 

— 2«2 — 34aj = 16. 
Dividing by the coefficient of a?^ that is, by -2, 

«» + 17a5 = —8: 
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Which is of the required form; 2/?, in this case, bdng 
equal to 17, and q being equal to — 8. 

All other equations of the same kind may be treated 
in the same way; hence, the following rule for reducing 
equations of the second degree, containing but one un- 
known quantity, to the form of 

05* + 2/XB = q : 

BULE. 

L (Hear the equation of frcictiona^ and perform all 
t?te indicated operations. 

n. Transpose all the unknown terms to the Jirst 
member, and all the knovm term^ to the second member. 

in. Reduce aU th^ terms containing the square of 
the unknown quantity to a single term, one factor of 
which is the square of the unknown quantity ; reduce, 
also, all the terms co?itaining the Jirst power of the 
unhtiown quantity to a single term. 

rV. Divide both members of the resulting equation 
by the coefficient of the square of tJie unknown quantity. 

The resulting equation, is called the reduced equation, 

141. The solution of the reduced equation, consists 
in finrling such values of the imknown quantity as will 
satisfy the equation, when substituted for the unknown 
quantity, that is, will make the two members equal. 
Every such value is called a Root. 

142. Tw^o cases may arise: first, it may happen that 
2p, or the coefficient of the first power of the unknown 
quantity, is equal to 0; in this case, the equation is said 



jtt-i 
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to be incomplete: secondly^ it may happen that the 
coefficient of the first power of the unknown quantity 
is not equal to 0; in this case the equation is said to 
be complete. 

Incomplete equations, when reduced, contain but two 
terms: one containing the square of the unknown quan- 
tity ; the other, a known term. 

Complete equations, when reduced, contain three kinds 
of terms, viz. : a term containing the square of the un- 
known quantity, a term containing the first power of 
the unknown quantity, and a known term. 

^rst Case. Incomplete Eqibatio7is. 
143. In this case, the reduced equation takes the form, 

x^ = q. 
Extracting the square root of both members, we have, 

X = ±^q. 
Hence, the rule for solving incomplete equations: 

RULE. 

Reduce the equation to the form^ x^ = q^ and extract 
the square root of both members. 

There will be two roots numerically equal, but having 
contrary signs. Denoting the first root by x\ and the 
second by as", we have, 

a;' = -f V^ *^^ *" = ~-V^- 
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EXAMPLES. 

Solve the following equations: 

1. a? + 6 = ^ 16. 

Arts, a/ = +8, a/' = -r S. 

2. 8a5» — 4 = 28 + 05*. Ans. a/ = +4, a?" = — 4. 

8 3 

Am. 7f -=, +6, 05" = — 5. 

4. a? + oft = 5a^. 

uItw. a/ = +iv^ a?" = — J VoJ. 

5. (« + a)*-* = 2ax + b. 



Arts, a;' = + ^h-a^, a/' = - -/* - a', 
aj 4- 7 a; — 7 7 



• aj» — 7aJ aj2 + 7aj aj^ — 73 

^rw. a^ = + 9, aj" = - 9. 



7 aj-y/a H- a;* = h + x^. 

Arts, aj' = H , , a?" = 




-/a — 25 




4 4 - 

3 o 



Second Case. Complete Equations. 
144. The reduced form of the complete equation is, 

Q? + 2px = g'. 
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Addiug p^ to both members (Axiom 1), we have, 

Extracting the square root of both members (Axiom 6), 
we have, 

Transposing p to the second member, we have. 

Hence, there are two roots, one corresponding to the 
plus sign of the radical, and the other to the minus 
sign. Denoting these roots by x' and aj", we have, 

oj' = — jp + -/y + p\ and 05"= — jo — V5~+ i^^* 

Hence, we have the following rule for solving complete 
equations of the second degree: 

BULE. 

I. Reduce the equation to the fomij x^ + 2px = q^ 
by the rule. 

n. The first root is equal to half the coefficient of 
the second temiy taken with a contrary sign^ plus the 
square root of the second member increased by the 
square of half the coefficient of the second term, 

ni. The second root is equal to half the coefficient 
of the second term^ taken with a contrary sign^ minus 
the square root of the second member increased by the 
square of half the coefficient of the second term. 

1. Let it be required to solve the equation, 

3aj2 — Ux + 16 = 0. 



1 



■ - c 
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Reducing to the required form, 



14 
gg3 X = — 6. 

3 



Writing out the roots, 



«.= !+^-5+^, and «"=3^-v/-« + T 

Or, reducing, 

a;' = - + - = 3, and «"=--.-=-. 
3 3' 333 

These roots may be verified. Substituting 3 for sc, in 
the given equation, we have, 

3 X (3)2 - 14 X 3 + 16 = ; or, = 0. 
Substituting - for a;, in the same equation, we have, 

o 

3 X ( - I - 14 X - + 15 = 0; or, = 0: 
which shows that both 3, and -, are roots. 

2. Again, let it be required to solve the equation, 

14 — a; 

405 -— - = 14. 

a-h 1 

Clearing of fractions, and reducing to the required form, 

2 ^ ^ 

4 

Writing out the roots, by the rule. 



aj' 



= I H- v/^ ■ »^ ^' - 1 - v/TTg. 
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Or, reducing, 

ar = - -4 =4, and x = — = : 

which roots may be verified as before. 

^ ^. 3a; -f 4 30 - 2a; 7a; - 14 ^ ^ . 

3. Given — — = — — — , to find x. 

6 a; ~ 6 10 

Clearing of fi*actions, and reducing to the required form, 

we have, 

a^ — 48a; = — 432. 

Writing out the two roots, 

x' = 24+^—432 -f 576, and a;" = 24--/-432+576, 

Or, reducing, 

a;' = 36, and a;" = 12. 

In writing out the roots by the rule, it frequently 
happens that the quantity under the radical sign is 
made up of two fractions, or of an entire part and a 
fi'action, as in Examples 1 and 2. In such cases, the 
two parts must be reduced to the least conmion denom- 
inator which is a perfect square, and then added 
together, and reduced to the simplest form. 

Solve the following equations: 

21 

4. bx^ — 6a; — 60 = 3. Ans. a/ = — - , a;" = — 3. 

5 

6. (a; — 12) (a; + 2) = 0. 

Ans. a;' = 12, a;" = — 2. 

6. aia^ -^bx =z c. 

I 



Ans. a;' = ttV^+J^^ ,. ^ 5 - V^M^c, 1 

2a ' 2a 
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^ 10 14 - 205 22 . , ^ ., 2f 

7. -5 — = -—• Ana. a/ = 8, a/' = — 

a; SB* 9 '11 



8. (aj + 2)» = 2«» + 8. ^n«. a/ = 2, as" = 2. 

9. 4a5» — 9a5 = 00. . , « ,/ 15 

Ana. x' = 6, aj ' = — y* 

4 

10. ^^ - ^-±4 = 2}. Ana. aj' = - 8U, a/' = 4, 

11. aj* — (a + b)x + od = 0. -4n«. aj' = a, a?" = 6. 

12. ---=- + 11. Ana. a/ = 3, a?" = — t* 

18. -^ + ?4-^ = 2i. ^n*. US' = 2, as" = - 8. 

aj + 1 a; 

a;+ 4 4a; + 7 __ 1 ^x 

^^- "1 9~ ~ ^^=^ 

^rw. a' = 21 , aj" = 6 

16. (aj - 1)2 = 2(x^ + 1). 

^rw. a;' = ~ 1, a" = — ) 

16. aj^U — -\ = 8(a; + 2). 

17. I7aj» + 19aj— 1848 = 0. 

Ana. x" = 9|f, aj" = - 11. 

18. ix^ — i« + 7f = 8. Ana. a^ = IJ, a" = -- f. 



19. 2^-10^^ ^ 2. ^n.. a^= 7, a/' = f 
8 —35 aj — 2 
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20. = — • Ans, x' = 11, 05"= —13. 

as — 1 aj + 3 35 ' 

24 

21. X H 7 = 3aj — 4. Ans. a/ = 6 , aj" = — 2. 

aj — 1 

22. Z + ^-r- =3aj--2. 

2a; 4 2 

Ans. x^ = 1 , aj" = . 

a; 4 a; 



14 14 

24. a;3 + (6 — a;)3 = 35. Ans. a/ = 3, a/' = 2. 

^^ 1200 1200 . , 

25. = T—-- h 5. 

05 40 4- aj 

JL/w. a;' = 80, a;" = — 120. 

145. Many equations of a higher degree than the 
second, may be reduced to the form of the second 
degree, and then solved. One of the most important 
classes of such equations consists of what are called T/'i" 
nomial Equations. Such equations contain three kinds 
of terms, viz.: terms involving the unknown quantity to 
any even degree, ' terms involving the unknown quantity 
to a degree half as great, and known terms. Such, for 
example, as, aj^ — 4aj3 =32, a^ — 2x^ = 3. 

Every trinomial equation may be reduced to the form 

a;2« + 2/XK" = q^ 

in the same way that equations of the second degree 
are reduced to the form o^ 

a* + 2px = q. 
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Wlieu reduced to the required form, we may regard 
85* as the unknown quantity, and then they may be 
solved by the same rule as is given for the solution 
of equations of the second degree. Having found the 
two values of a;*, we may find the values of x^ by 
extracting the n}^ root of these values. To illustrate, 
let it be required to solve the equation, 

26. afi — ix^ = 32. 

This is of the required form. Writing out the values 
of aj3, by the rule, we have, 



a5'3 = 2 + -V/32+4 = 8, and ic"3 = 2 — ^32+4 = -4. 

Whence, by extracting the cube roots of these values, we 

have, 

a' = ys = 2, and aj" = ^/^^. 

27. a;* — 2x^ = 3. 

This is of the required form. Writing out the values 
of a;2, we have, 

a;'2 = 14-/3 + 1 - 3, and aj"^ = i — ^3 + 1 = — 1. 

Whence, by extracting the square roots of these roots, 

we have, 

a;' = ±: v^, and aj" = ± y/— 1. 

28. a;* — 8a;2 = 9. 

Here, x'^ = 4+^9+16= 9, and aj"^ = 4—^9+16 = -1, 
. • . a;' = ± 3. x" - ±y- 1. 



29. a53 - a;* = 66. 



Here, 



„f 



«'= = ^ + ^'56+1 = 8, and x"^ = ^-^56+^ = -1 



TRINOMIAL EQUATIONS. 199 

Squaring these vaxues, 

a;'3 = 64, and x"^ = 49. 
Extracting the cube roots of these values, we have, 

aj' = 4, and aj" = ^/49. 

30. a^ + 20053 = 69. Am. x' =; %/z^ x" = ^-23. 

Radical equations may, also, by transformation, give 
rise to equations of the second degree. To illustrate, 
let it be required to solve the equation. 



31. aj+ -/lOaj 4- 6 = 9. 
Transposing and squaring, 

1005+6 = 81 — 1805 + 7?. 

. • . 05^ — 2805 = — 75 
05' = 14 + '/196 — 75 = 25, 05"= 14 - -/196 — 75 =r 8. 



y 4o5 -f 20 __ 4 — "v/S 
4 4- v^ v/^ 

Clearing of fractions, 

V^4o52 + 2005 = 16—05. 

Squaring, 405^ + 2005 = 256 — 32o5 + 05^. 

.™n. o 52 256 

Whence, 05^ + — 05 = —^ • 



26 . 7256 .676 
••• ^=-T+\/-3- + -9- = '^ 



«,,= ^?6^ 7256^ 
3 V 3 



676 64 

9 ~* 3 
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33. 4x+ i v'a5 + 2 = 1. Ans. x' = 4 j-, x" = f 

34. X + y/^x + 10 = 8. Ans. x' = 18, aj"= 3. 



35. ax + 2^n^ + naas^ = (3a5 — l)n. 



Ans. x'= ^L_, 0^ = « 




w — a 97* — a 

36. aj* — 74352 = — 1225. 

Ans. x' = ±7, 05" = ± 5. 

[ " PKOBLEMS. 

1. Find two numbers whose difference is 8, and whose 
product is 128. 

Let x denote the lesser number ; then will a? + 8 
denote the greater number. 

From the conditions of the problem, 

aj(aj-f 8) = 128. 

Solving this equation, we find, 

x' = 8, and a;" = — 16 ; two solutions. 

Hence, the numbers are 8 and 16 ; also, — 16 and — 8. 
Either pair of numbers will satisfy the conditions of the 
problem, as may be seen by trial. 

In the second solution, we find the lesser number, —16, 
and the greater one, — 8. Algebraically speaking, 
— 16 < — 8, and in general, of two negative quantities, 
that is algebraically the least which is numerically the 
greatest. 

2. A person travelled 105 miles at a uniform rate. 
On his return, he travelled 2 miles per hour slower, 
and was 6 hours longer in making the journey. How 
many miles did he travel per hour in the first instance? 
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Let X denote the number of miles per hour. 

105 
Then will — , denote the number of hours required 

to make the direct journey, and -, the number 

required to make the return journey. 

Since he travelled slower on the return journey, he 

will take a longer time; and from the conditions of the 

problem, 

105 105 
r = 6; 

05 — 2 X ' 

whence, by solving the equation, we find, 

05' = 7, and a/' = — 5. 

The first solution is the answer to the given prob- 
lem, as may be shown by verification. The second 
solution is the answer to another problem which gives 
the same equation, and which may be enunciated thus: 
A person travelled 105 miles, at a uniform rate. OA 
his return, he travelled two miles per hour faster, and 
made the journey six hours sooner. 

Denote the rate of travel on the outward journey, by 

— X : then the rate, on the return journey, will be 

denoted by — aj + 2 ; and, since he travelled slower on 
the outward journey, 

105 105 ^ 105 105 

= 6 ; or, = 6 ; 



— x — CB + 2 X — 2 X 

the same equation as before: hence, its solution should 
give both roots, a?' = 7, and aj" = — 5. 
0* 
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On account of the greater generality of aJgebraio 
language, both of the above problems are expressed by 
the same equation. Hence, the solution of the equation 
ought to give the answers to both. 

When, therefore, two answers are found to a problem, 
both of which will not satisfy the conditions of the pro- 
blem, that one only must be taken which does satisfy 
them. The other one belongs to a similar problem, in 
which certain of the given quantities are to be consid- 
ered in a contrary sense. 

3. A and B set out from two points at the same 
time, and travel towards each other. On meeting, it 
appears that A has travelled 30 miles more than J?, 
and that A could travel B^s distance in 4| days, and 
that B could travel A^s distance in 6 days. How fer 
apart were they when they started? 

Let X denote the number of miles that B travelled; 
then will a; -f 30 denote the number that A travelled. 

Since A can travel B^s distance in 4| days, — , or 

Qx , ' 

— , will denote the number of miles that A travels in 

25' 

1 day. In like manner, — - — , denotes the number of 

miles that B travels in 1 day. The whole distance that 
A travels, divided by the distance he travels in one 

a;+ 30 
day, or /6cb\, gives the number of days that he tra- 



(!)• 



vels. The whole distance that B travels, divided by 

X 

the distance he travels in one day, or /a;-i-30\, gives 



('-r) 
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the number of days that B travels. But they travel 
the same number of days each. Hence, 

05 + 30 X 



(S ) (^) ■ 



Clearing of complex fractionia, 

{x + 30) {x + 30) _ 6^ 
6 "" 25" 

Whence, by solution, we find, 

150 
a;' = 150, and x" = — • 

The first result only satisfies the conditions of the 
problem. Hence, JB travels 150 miles, ^, 180 miles, and 
both together, 330 miles, which is the answer to the 
question proposed. 

4. -4, J5, and (7, can together perform a piece of 
work, in a certain time. A alone can perform the same 
work in 6 hours more, JB alone in 15 hou^s more, and 
C alone in twice the time. In how many hours can 
they aU perform it, working together ? 

Let X denote the number of hours for all to perform it ; 
then will 

a; + 6 denote the number of hours for A to perform it ; 
a? + 15 " « B « 

and, 2x " « C " 

In 1 hour, A can perform a portion of the work de- 
noted by — --- : 

^ aj+6 
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In 1 hour, J? can perform a portion of the wcMrk de- 
noted by — -— - : 

In 1 hour, G can perform a portion of the work de- 
noted by ~ : 

In 1 hour, all can perform a portion of the work de- 
noted by -• 

^ X 

Since the sum of the parts which each can perform, 
is equal to the part they can aU perform, we have, 

1 +_i^+i=i 



X + 6 x+ lb 2x X 

Multiplying both members by 2x{x + 6){x + 16), and 

reducing, 

a^ + 1x = 30. 

Whence, by solving, 

x' = 3, and x" = — 10. 

The value of x' alone satisfies the conditions of the 
problem. Hence, the answer is 3 hours. 

5. There are two numbers whose sum is 40, and 
the sum of their squares is 818. What are the num- 
bers ? 

STATEMENT. 

a;2 + (40-a;)2 = 818. 
.-. a' = 23, x" = 17, and 40 —a;' = 17, 40-05" = 23. 
The numbers are 17 and 23. 

6. The difference of two numbers is 9; and their 
sum, multiplied by the greater, is equal to 266. What 
are the numbers? Ans. 14 and 6. 
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7. The sum of two numbers is 73, and their pro- 
duct 732. What are the numbers? Arts, 61 and 12. 

8. The sum of two numbers is a, and their pro- 
duct is b. What are the numbers? 



2 



^^- 2 ■*" V "'^■'"T' ^""^ 2""V""^^4 

9. A person travels 48 miles at a uniform rate; a 
second person travels the same distance two hours sooner, 
and travels 2 miles per hour more than the first. At 
what rate did the first travel? Ans, 6 miles. 

10. A and B start at the same time to travel 150 
miles. A travels 3 miles an hour faster than B^ and 
finishes his journey %\ hours before him. How many miles 
does A travel per hour. Ans, 9 miles. 

11. A hollow cubical box, whose sides are three inches 
thick, requires for its construction 27| cubic feet of 
material. How many cubic feet of water will it con- 
tain? Ans, 64 cubic feet. 

12. Two square courts are paved with stones a foot 
square; the larger court is 12 feet longer than the 
smaller one, and the number of stones in both pave- 
ments is 2120. How long is the smaller pavement? 

Ans, 26 feet. 

13. A person distributes 120 dollars amongst a cer- 
tain number of people. The next day he distributes 
the same sum amongst a number of people greater by 
2. Each of the latter receives 2 dollars less than each 
of the former. How many were there in each case? 

Ans. 10 and 12. 

14. A and B set out to meet each other, being 
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320 miles apart. A travelled 8 miles a day more than 
j&, and the number of days before they met, was equal 
to half the nmnber of miles that B travelled in 1 day. 
How many nules did each travel per day? 

Ans, A^ 24 miles; B^ 16 miles. 

15. A passenger and freight train set out at the same 
time, the former from New York, and the latter from 
Albany, distant from each other 144 miles. . The pas- 
senger train arrived in Albany two hours after they 
met, and the freight train arrived in New York 8 hours 
after they met. At what rate did each run? 

Ans, 24 and 12 miles. 

16. A man, working 10 hours, assisted by a. boy 6 
hours, does a certain piece of work. If the boy works 
10 hours, and the man 6 hours, they will perform | of 
the work. How long will it take them both to do the 
work, supposing the man to work 5 hours longer than 
the boy? Ans. lO^V? ^"^^ 5^ hours. 

17. Two partners, A and B^ gained 360 dollars. A% 
money was in trade 12 months, and he received, for 
principal and profit, 520 dollars. B^a money was 600 
dollars, and was in trade 16 months. How much capital 
had At Ans. 400 dollaiu] 

18. A and B travel, at the same rate, towards New 
York. At the 50th mile-stone from New York, A over- 
takes a flock of geese, travelling 1^ miles an hour, and 
2 hours afterwards meets a stage-coach, travelling 2J 
miles per hour. B overtakes the geese at the 45th 
mile-stone, and meets the coach 40 minutes before reach- 
ing the 31st mile-stone. What is the distance between 
A and B? 
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SOLUTION. 

Let X denote the rate of A and JB^s travel, and sup- 
pose the ckeumstances of the problem to commence 
when A is at the 50th mile-stone. 

When B overtakes the geese, he will have travelled 
3Ja5 miles, 5 of which coincide with 5 of A^s miles. 

Hence, the distance between A and J5, is -— 5 miles. 

A meets the coach at the (50 — 2x) mile-stone, and 

(2x\ 
31 + — ) mile-stone ; the coach tra- 
vels, meantime, I o^ — 19 ) miles. Hence, dividing by 

tlie rate of the coach, we have, , the number 

J '27 

of hours between the meetings. Adding to -05 — 19, the 
distance that A travels in that time, we have, 

I ~ — H — I miles, for the distance between 

A and JB. Hence, from the conditions of the problem, 

8a; — 57 32a;^ — 228a5 _ lOaj — 15 
3" ' 27 " 3 

10a; -— 15 
. • . X = 9, and = 25, the number of miles 

required. 






GENERAL PROPERTIES OF EQUATIONS OF THE SECOND 

DEGREE. 



146. It has been shown that every equation of the 
second degree can be reduced to the form of, 

a;2 -I- 2jpx = q (1.) 

Transposing q to the first member, then adding ;>* to, 
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and subtracting it from, the first member, which may be 
done without changing its value, we have, 

{x^ + 2px-hp^)--{q+p^) = . . (2.) 

Factoring the first member, on the principle that the di^ 
ference of the squares of two quantities is equal to tiie 
sum of the quantities multiplied by their difference, we 
have, 

{x-hp + V^-^P^) X {x+p — \/q+p^) = (3.) 

Equation (3) may be satisfied in two ways, and only 
in two ways, viz.: we may make the second factor of 
the first member equal to 0, and we may make the 
first factor equal to 0. 

Placing the first factor equal to 0, we have, 



X +p—yq+ jp!^ = 0. .*. X = "P +yq+p^ (4.) 
Placing the second factor equal to 0, we have, 

X +JP+ Vs' +i>^ = 0. .' , X .= —p — Vs' +p^ (5.) 

These two suppositions give the two roots already 
found, and those only. Hence, we deduce this principle: 

1. Every equation of the second degree has two roots^ 
and only two. 

If we examine Equation { 3 ), we see that its first mem- 
ber is composed of two factors of the first degree, with 
respect to x, the first terms of each fiictor being the 
unknown quantity, and the second terms being the two 
roots, each taken with the contrary sign. 

Hence, we deduce the following principle: 

2. J^ all the terms be transposed to the first member^ 
that member m,ay be resohed into two factors of the 
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first degree^ with respect to the unknown quantity ; the 
first term of each factor being the unknown quantity^ 
and the second term being the two roots, each taken 
with its sign changed. 

The reverse of this principle, enables us to form an 
equation, when its roots are given, for which operation 
we may write the following 

B u L E. 

Subtract each root from the unknown quantity, and 
multiply the results together, placing the product equal 
to 0. 

EXAMPLES. 

1. Required the equation whose roots are 2 and — 3. 
By the rule, (a; — 2)*(a5 + 3) = 0, whence, 

a;2 + 35 — 6 = ; or, x^ + x = 6. 

2. Required the equation whose roots are 5 and — f . 

Ans, x^ — —X = — • 
3 3 

3. Required the equation whose roots are a and b. 

Ans, x^ ^ {a + b)x = — ab. 

3 7 

4. Required the equation whose roots are - and - • 

Ans. x^ — ~-x = — 1. 

5. Required the equation whose roots are —7 and —3. 

Ans. x^ + 10a; =. — 21. 

6. Required the equation whose roots are — - and - • 

Ans. x^ ^ -X = -— • 
4 8 

10 
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Let US resume the consideration of Equation (1), and 
its roots: 

Adding the two roots together, we have, 

Multiplying the two roots together, we have, 



From these results, we deduce the following additional 
principles : 

3. 77i€ algebraic sum of the two roots is equal to the 
coefficient of the second term^ with its sign changed, 

4. The product of the two roots is egucd to the second 
member, with its sign changed. 

It follows, from the last principle, that the product of 
the two roots will be positive when the second member 
is negative. But the product can only be positive when 
their signs are alike. 

In tins case, let \is denote the diiference of the two 

roots by 2c?, their sum bemg — 2p, Then will the roots be 

equal to, 

—p-\'d, and —p — d; 

and their product ^dll be equal to, 

p^ -— d^. 

This product will be the greatest possible, when c? = 0, 
that is, when the roots are equal. In this case, tte pro- 
duct is p^; in all other cases, the product is less iban 
jt>2. Hence, we deduce the following additional princi/le: 

5. Whe7i the second memher is negative, it can mxff 
he numerically greater than the square of half % 
coefficient of the second term. 
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These principles are employed in discussing the general 
equation of the second degree. 

GENEEAL DISCUSSION OF EQUATIONS OF THE SECOND 

DEGREE. 

147. We have seen that the discussion of an equor 
Hon consists in making every possible supposition on 
the arbitrary quantities which enter it^ and interpreting 
the results. 

In discussing the equation, 

x^ + 2px = q, 

we shall first make every possible hypothesis with respect 
to the signs of p and q. It is plain, Jirst, that both 
p and q may be positive ; second^ that p may be nega- 
tive, and q positive; third, that p may be positive, 
and q negative; and fourth, that p and q may be 
negative. These hypotheses give, 

THE FOUR FORMS. 

x^ + 2px =z q .... (1.) 

a;2 — 2px = q . . . . ( 2.) 

x^ -{- 2px =2 —q ... (3.) 

x^ — 2px z=z — q . . . ( 4.) 

Mrst J^orm, 
Since q is positive, the product of the roots must be 
negative (Principle 4); hence, the roots have contrary 
signs; again, since 2p is positive, the algebraic sum of 
the roots is negative (Principle 3) ; hence, th^ negative 
root is numerically tJie greater. 

Second Form, 
For the same reason as before, the roots have con* 
trary signs; since 2p is negative, the algebraic sum 
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of the roots is positive (Principle 3) ; hence, the positive 
root 18 numerically the greater, 

9 

TJiird Form 

Here, q is negative, and consequently the product 
of the roots is positive (Principle 4) ; hence, the roots 
have the same sign ; and, since 2p is positive, the sum 
of the roots must be negative (Principle 3) ; hence, both 
roots are 7iegative, 

Fourth Form. 

For the same reason as before, the roots have the 
same sign; because 2p is negative, the sum of the 
roots is positive (Principle 3) ; hence, the roots , are 
both positive. 

If now, we suppose jt> = 0, and q not 0, the firgt 
and second forms reduce to 

x^ = q. 

In this case, the roots have contrary signs, and their 
sum is equal to 0. Hence, they are both equal, with 
contrary signs. 

Under the same supposition, the third and fourth forms 

become, 

x^ = — q. 

In this case, the roots have the same sign, and their 
sum is 0, which is impossible. This case comes under the 
5th principle. 

Solving the equation, we find the roots equal and 
imaginary. It will always be found, when the second 
member is negative, and numerically greater than the 
square of half the coefficient of the second term, that the 
roots are imaginary, as may be shown by solving either 
the third or fourth form, and making p^ < q. 
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Imaginary roots always indicate some absurdity in the 
conditions , that have given rise to the equation whence 
they are derived, and are to be so interpreted. 

If we suppose ^^ = 0, and p not equal to 0, the 
first and third forms reduce to 

aj2 ^ 2px = 0, 
and the second and fourth forms reduce to 

aj2 — 2px = 0. 

In both cases, the product of the roots is equal to 
0, which shows that one of them must be 0. In the 
first case, the second root is equal to — 2p, and in the 
second, it is equal to -f- 2p, 

If we suppose, jt> = 0, and ^^ = 0, all of the forms 

reduce to 

a;2 = 0. 

In this case, the product of the roots is 0, herace, 
one of them must be 0, and their sum is equal t6 0; 
hence, the second root is also equal to 0. 

The results of the above discussion might be arrived 
at, by solving the four forms, and discussing the roots 
thus obtained. Were we to solve them, we should 
/ arrive at no results not indicated above. 

DISCUSSION OP THE PROBLEM OF THE LIGHTS. 

148. The problem of the lights affords a fair example 
of problems of the second degree, and its discussion 
indicates the general method of reasoning in such cases. 

It is a principle of Physics, that the mtensity of a 
light, at any distance, is equal to its intensity at the 
distance 1, divided by the square of that distance. 
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PROBLEM. 

Having given the intensities of two lights, at the dis- 
tance 1, and the distance between the lights, it is 
required to find that point on the line joining them 
which is equally illuminated by them. 

R'' A R B R' 



'Let A and B represent the places of the two lights, 
and AB the line joining them. Assume A^ as the 
origin of distances, and call all distances estimated to 
the right positive, then will all distances to the left be 
negative. 

Denote the distance between the lights by c, tlie 
intensity of the light -4, at the distance 1, by a, and 
that of the light By at the distance 1, by h. Suppose 
the point i?, to be equally illuminated, and denote its 
distance from the origin A^ by x\ then will the distance 
B Ry be equal to c — a?. 

Since the intensity of the light -4, at the distance 1, 

is a, at the distance a;, it will be ~, in accordance with 

the physical principle enunciated ; and since the intensity 
of the light By at the distance 1, is ft, at the distance 

c — ic, it will be equal to -. r^. From the conditions 

\c — X) ^ 

of the problem, these two expressions must be equal; 

hence, 

a h (c-xf h 

— • or -^ — — — • 

a;2 - {c-xf ' x' "a 



Extracting the square root of both members, we have, 
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Taking the upper sign, we find, 



X = 



__ c\/a 



- <VTf7i) ■ ■ <'•> 



Taking the lower sign, we find, 

-v/a — v^ \ y a — y/b / 

From the nature of the problem, both a and b are 
positive, and the two values of x are both real. Hence, 
there are two points of equal illumination, and only two, 
on the line of the lights. 

To discuss these values of x, we observe that c, a, and 
6, are, from the nature of the case, arbitrary. They are 
also positive ; and since the conditions of the problem in- 
volve the necessity of two lightq^ neither a, J, nor c, can be 
0. Hence, only three different suppositions, belonging to 
the problem, can be made on these arbitrary quantities, viz. : 

1. c > 0, and a ^ b, 3. c > c, and a < J. 

2. c > 0, and a =: b. 

1. c > 0, and a ^ b. 

In this case, the fraction, ' ^ jr, is a proper 

V a + \b 

fraction, and therefore less than 1 ; and because the 
denominator is less than twice the numerator, it is greater 
than J ; hence, the first value of x is less than c, and 
greater than \c\ which shows that the first point is 

between the two lights, and nearer the lesser one. 

/ft 

The fraction, _: t=, is improper, and therefore 

y7« — • y/b 
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greater than 1; hence, the value of a; is greater than c: 
which shows that the second point of equal illumina- 
tion, is in the prolongation of A J3j and on the gdde of 
the lesser light. 

These results correspond with the supposition. For, 
if ^ is the greater light, it is plain that the first point 
of equal illumination ought to be nearer the second light, 
and a little reflection will show that there ought to he 
a second point of equal illumination beyond the second 
light. 

2. c > and a = b. 

In this case, the fraction, ^ ' is equal to i, and 

y a + yb 

the fraction, ./^ is equal to ^> or, oo. Hence, 

the first value of aj is equal to ^c, and the second is 
infinite : which shows that the first point of equal illu- 
mination is midway between the two lights, and the 
second is at an infinite distance, that is, there is no 
second point at any finite distance. 

These results correspond with the supposition. For, if 
the lights are of equal intensity, the first point ought 
to be midway between them, and it is equally plsun that 
there should be no other point on the line of the lights. 

3. c > 0, and a < J. 

In this case, the fi-action, _^ — —, is less than |, 

ya -f yb 

because the denominator is more than twice the numer- 

"X/Cl 

ator. The fi'action, -= , is negative, because, 

ya — yb 
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V^< V^. Hence, the first value of x is positive, and 
less than ^c, and the second value of x is negative : 
which shows that the first point is between the lights, 
and nearer the lesser light, and that the second point is 
on the prolongation of the Hghts to the left of A^ that 
is, on the side of the feebler light. 

These results correspond with the supposition, the case 
being just the same as the first, the position of the 
lights being reversed. The coincidence of the mathematical 
results with those of ordinary reasoning, shows that the 
methods of interpretation of positive and negative symbols 
are correct. 

c = 0, a > by a = by and a < b. 

The hypothesis of c = 0, places the two lights at the 
same point, in which case they form one and the same light, 
whose intensity is equal to the sum of their intensities taken 
separately. 

The conditions of the problem involve the necessity of two 
lights^ and the equation of the problem is found under this 
hypothesis. This equation ought not, therefore, to respond 
to the case of a single light. For, the interpretation of the 
results obtained from an equation, can only give the cases 
which fall under the hypothesis. The hypothesis of two 
lights, and the hypothesis of a single light, are not con- 
nected by any law which affords a common equation of con- 
dition. Hence, the results obtained on the supposition of 
c = 0, do not belong to the problem. 
10 
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l' EQUATIONS INVOLVING MORE THAN ONE UNKN0W5 
' QUANTITY. 

149. In the general case, two equations involving two 
unknown quantities, which are both of the second degree, 
cannot be solved by any of the preceding methods 
Every attempt to solve two such equations, leads to an 
equation of the fourth degree, which as yet we have 
not learned how to solve. When, however, one of the 
equations is of the first degree, they can always be 
solved, and there are many particular cases in which 
they can be solved when both are of the second degree. 

Two equations containing two unknown ^^uantities^ ofie 
of which is of the first and the other of the second 
degree^ can always he solved. 

1. Take the two equations, 

a;2-f 12ajy + 2/^ = 85 .... (1.) 
aj + 3y = 11 (2.) 

Find the value of aj in terms of y from ( 2 ), and 
substituting it in (1 ), we have, 

121 — C6y + 9y2-f l32y — 36y2 + ys = 86; 

or, by reduction, y^ - —y = — : 

whence, y' = 3, and y" = — y^, 

which, substituted in (2), gives, 

aj' = 2, and x" = 12-,*^. 

In like manner, other similar groups of equations may 
be solved. 



4. 


aj^ — 2ajy + y^ 




aj + y = 1 


5. 


05 + y = 6 




a;2 + y2 = 26 


6. 


352 — y2 _ ig 




05 + y = 8 
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Solve the following groups of simultaneous equations : 

2. «? + y^ =; 202 ) ( x' = 11, x" = 9. 

as + y = 20 ) **** 1 y' = 9, y" = 11. 

8. ar* + y» = 394 ) ( a' = 15, »" = —13. 

SB - y = 2 ) ***■ I y' = 13, y" = -16. 

^'"- ly' = 4,y" = 7. 

.4n,. i ^; = ^' '»;; = ^• 

|y'=l, y" = 6. 

!a;' = 5. 
y' = 3. 

^«/J0 equations of the second degree^ can always he 
solved when they are homogeneous with respect to the 
unknown quantities. 

To illustrate, let us take the equations: 

7. a52 + SBy = 10 (1.) 

y2 + a5y =15 (2.) 

Assume y = nx^ n being an auxiliary unknown quan- 
tity. Substituting in ( 1 ) and ( 2 ), 

a2 + 7KB2 = 10. .-. aj2 = -^^ . . (3.) 

n^x^ + na? = 15. r. a;^ -_ _^^_^. . (4) 

n{n +1) ^ ' 

Equating these values of x% we find, 

10 15 3 

n = -z' 



n+1 n{n+l)' ' ' 2 
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Substituting this value of n in (3), and the resulting 
value of 35 in ( 1 ), we have, 

a; = 2, and y = 3. 

Only a single pair of values of x and y are deduced. 
The complete solution would give four pairs of values. 
In the same way, similar groups of equations may be 
solved. 

8. aj2 + y2 = 61 ) I aj = 6. 

aj2— a5y=6) '(y = 5. 



9. a;2 -f jcy -f 



y^ = 13 ) (y = 4. 



10. x^ — 2xt/ =5) J ja5 = 5. 

y2 + a;2 = 29 1 '^^^ (y = 2. 



11. 3a;2 = 2ajy + 24 
y2 = a^ — 8 



(aj = 4. 
• (y = 3. 

ix = 1. 

( y = 4. 



12. 4ay — 3y2 = 64 ) 

2a;y + 2aj2 — 2/« = 138 ) ^ 

(\ 

Many other equations of the second degree may be so 
transfoimed as to come within the rules for solution. 
Equations of a higher degree than the second may, also, 
in certain cases, be reduced, by transformation, to such 
forms as to come wdthin the rules already given. No 
general rules can be laid down for making the transform- 
ations, each case, in general, requiring to be treated in a 
manner peculiar to itself. A few examples are given, to 
illustrate some of the methods of solution. 

13. x^ + y^ + x + y =1 922 ( 1.) ) 

% yS/ =20 (2.)i 
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Squaring (2), and multiplying by 2, 

2xy = 800 (3.) 

Adding (1) and (3), 

{7? + 2ajy 4- y^) + (« + y) = 1722. 

Regarding (» + y) as a single quantity, we have, by the 

rule, 

a; + y = -i± ^1722 + \ = -i± V- 

. • . a; + y = 41, and a -f y = --42. 

Taking the first value of a? 4- y, and combining .vitii 

(3), we have, 

JB = 25, y = 16. 



i- 



14. aj+y + ya+^rr 12 ( 1.) 

JB3 + y3 =189 (2.) 

From ( 1 ) taking only the first value, we have, 

VaJ + y = - i 4- V12 4- i = - J4-i- = 3 : 
.•.aj4-y = 9 (3.) 

Dividing (2) by (3), member by member, 

x^ -xt/ + y^ = 21 . . . . (4.) 

Squaring (3), 

aj2 4- 2a;y 4- y* = 81 . . . . ( 6.) 

Subtracting (4) from (5), 

3ajy = 60; or, a^ = 20 . . . . (6.) 

Combining (6) and (3), 

5 aj = 6, and y = 4, 

J 

16. a! -y = 2 (1,)) 

ai^+y* = 212 (2.) ) 
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Raising ( 1 ) to 4th power, 

aj* — 4jB3y + 6kV — 4ay3 + y* = 16 • . (3.) 

Subtracting (8) from (2), and &ctoring, 

ajy(4a;2 — 6a^ + 4y2) = 256 . . (4.) 

Multiplying (1) by 2, squaring, multiplying by jcy, and 
subtracting from (4), 

2a2y2 _ 256 — 16a^; 
or, a2y2 ^sxy = 128. 



. • . ay = - 4 ± -v/l28 + 16 = — 4 ± 12 ; 
or, ajy = 8, ay = — 16. 

Taking the first value xy = 8, and combining with (l), 

a; = 4, y = 2. 

16. aj2 + 2ay + y + 3aj = 73 ) j a; = 4. 

2/2 4-. a; + 3y = 44 f * ( y = 5, 



17. ajy = 6 

Sx^ — 7y2 + 



1 = ) I y = 2. 



18. a^ — 2ay^y + y^ = 49 ) j a; = 3. 

a^ — 2aj2y2 + y4 _ jb2 -|_ y2 -- 20 ! ^^ ( y = 2. 

(y =5. 



19. 


« __ y __ 


11 ] 




y a ~ 


30 . 




aj2 -fay = 


66 J 


20. 


aV + y^ 


= 10) 




ay^ + y 


= 4) 


21. 


ajs +y3 


= 189 




aj2y -|~ xy'^ 


= 180 



} 



Ans. \ 



Ans, ] 

y = 4. 
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22. 


x + y _ 
x — y — 




aj2_y2^ 


23. 


9aj2 = 4y2 



Zosy + 2a5 + y = 485 

24. x^ + y2_ a; — y = 78 
«y+« + y = 39 

26. 1 _ 1 __ 1 
y aj "" 4 
a;2y — {By2 — jg 



} 



Ans. -s 



+ 1). 



y =2->'- *)• 



( y = 15. 



^n^. 



Ans, 



X = 9. 



y = 3. 



sc = 4. 



y = 2. 



PROBLEMS. 

1. Find two such numbers, that their product, added 
to their sum, shall be 47, and their sum, taken from the 
f sum of their squares, shall leave 62. 

Let X and y denote, the numbers ; then, from the 
conditions of the problem. 



(aJ + y) + ajy 
x^ + y^ - {x+ y) 

Multiplying equation ( 1 ) by 2, 

2icy + 2{x + y) 

Adding '( 2 ) and ( 3 ), 

sc2 + 2iBy + y2 -f- (aj + y) 
or, 

(a. + y)2+(x + y) 



47 .... (1.) 
62 .... (2.) 



= 94 . . . . (3.) 



= 156. 



= 156 • . . (4.) 
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Solving ( 4 ), and taking the first value of a? 4- y, 

x + t/ = —i + -v/156 -f- i = 12 . . . . (5.) 

Substituting in ( 1 ), we have, 

jcy = 47 — 12 = 35 . . . . (6.) 

Combining ( 6 ) and ( 6 ), 

05 = 5, and y = 7 : the numbers required. 

2. The sum of two numbers is 7, and the sum of 
their cubes is 91. What are the numbers? 

Let X and y denote the numbers. Then we shall 

have. 

a + y = 7 (1.) 



aj3+y3= 91 (2.) 



Cubing ( 1 ), we have, 



..^ 



x^ + 3aj2y + 3ajy^' + y^"* = 343 . . . (3 

/ 
Subtracting ( 2 ) from ( 3 ), factoring, and dividing by 3, 

icy(a;-f- y) = 84 (4.) 

Dividing ( 4 ) by ( 1 ), member by member, 

iry = 12 (6.) 

Combining ( 1 ) and ( 5 ), we find, 

a; = 3, and y = 4 : the numbers required. 

3. The fore Avheel of a coach makes 6 revolutions 
more than the hind wheel, in going 120 yards,; but if . 
the circumference of each wheel be increased 1 yard, 
the fore wheel will only make 4 more revolutions than 
the hind wheel in going the same distance. What is 
the circumference of each wheel? 
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Let X denote the number of yards in the circum- 
ference of the hind wheel, and y the number in that 
of the fore wheel. 

From the conditions of the problem, 

120 . ^ 120 

-f 6 = , 

X y 

_ 120 . , 120 

+ 4 = 



(1.)) 

1 . . . • (2.) J 



05+1 y + 1 

Or, by reduction, 

20(a; - y) = ajy (1.) 

29a5 — Z\y = scy + 

Subtracting ( 1 ) from ( 2 ), 

llV+ 1 
9a; — \\y = 1 ; or, aj = — ^— • 

Substituting this value of x in ( 1 ), and reducing, 

, 39 20 /- 

^ 11^ 11 

Whence, y' = 4, and y" = • 

Taking the positive value of y, and substitutuig in (1), 

we find, 

aj = 6. 

Hence, the wheels are, respectively, 4 and 5 yards in 
circumference. 

4. Find two numbers whose product is equal to the 
difference of their squares, and the sum of whose squares 
is equal to the difference* of their cubes. 

Denoting the numbers by x and y, we have, 

xy — x^ — y'^ (1.) 

x^ -i- y^ = x^ — y^ (2. 

10* 



!.)f 
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Making x = ny, ?% being unknown, we have, from (1), 

after reduction, 

n = n^ — 1 (3.) 

Whence, taking the positive value of w, only, 

1+V^ o3 + V5 ,, /- 

n = ^^^— ; . • . n2 = ^-?l— , and w3 = 2 + -y/F. 

From (2), by reduction, 

w2+ 1 = (n3- l)y; .-. y = -^-_ ^ _ 2:_V__ . 



2 -h 2-^5 



1 + V^ 64--V/5 5 + ^/6 



5. Required two numbers, whose product is equal to 
the square of two thirds the first, and the difference of 
whose squares is greater, by 1, than the square of twice 
the second. Ans. 9 and 4. 

6. Find two numbers, whose sum, multiplied by the 
greater, is 209, and whose difference, multiplied by the 
less, is 24. Ans. 11 and 8. 

7. Find two numbers, such that the sum of their 
squares is equal to 181, and the difference of their 
squares equal to 19. Ans. 9 and 10. 
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CHAPTER X. 

RATIO, PROPORTION, AND SERIES. 

RATIO AND PROPORTION. 

150. The Measure^ient of a quantity is the opera^ 
tion of finding how many times it contains some other 
quantity of the same kind, taken as a standard. The 
latter quantity is called the Unit op Measure, and may 
be any quantity which is of the same kind as the quan- 
tity measured. The imit of measure is supposed to be 
known beforehand, and is therefore called the Ante- 
cedent. The value of the quantity measured becomes 
known, in terms of the antecedent, by the operation of 
measurement, and is therefore called the Consequent. 
Mathematically, the measurement is performed by dividing 
the consequent by the antecedent; the result is an 
abstract number, which, being prefixed to the unit 
employed, expresses the value of the thing measured. 
Hence, the following definition: 

151. Tfie Ratio of one quantity to another of the 
9ame Mndj is the result obtained by dividing the second 
quantity by the frst. The first quantity is called the 
Antecedent, and the second the Consequent. 

Thus, the ratio of a to ^, is -, or a)b; or, it may 

a 
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be written, a : h. Here, a is the antecedent, or stand- 
ard, and h the consequent, and both are called termi, 

152. A Proportion is the expression of eqiuzlUy 
between two equal ratios. Thus, 

b ^ d 
a ^ c^ 

is a proportion, expressing the fact that the ratio of 
a to ^ is equal to the ratio of c to d. This pro- 
portion may also be written thus,^ 

a : b :: c : d. 

In either case, the proportion is read, a is to b as 
c is to d. In most algebraical operations, the former 
method of writing a proportion is the better; in geo- 
metrical operations, the latter method has been most 
frequently employed. 

153. There are four terms in every proportion which 
have received different names with respect to each other. 
The first and third are antecedents ; the second and 
fourth are consequents. The first and fourth are ex- 
tremes ; the second and third are means. The first and 
second form the Jlrst couplet; the third and fourth form 
the second couplet. The fourth term, is called a fourth 
proportional to the other three. When the second term 
is equal to the third, it is said to be a mean proportional 
between the other two. In this case, there are but three 
different terms in the proportion, and the last term is said 
to be a third proportional to the other two. Thus, in the 
proportion, 

^ ^ J. jj 

- = - , or a : 6 : : c : a, 

a c ' 
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a and o are antecedents, h and d consequents, a and 

d extremes, h and c means ; - , or a : J, is the first 

d . ^ 

couplet, - , or c : c?, is the second couplet, and d is 

a fourth proportional to a, ^, and c. Also, in the pro- 
portion, 

- = Y, or a : o : : o : c, 

^ is a mean proportional between a and c, and c is a 
third proportional to a and ^. 

154. Quantities are in proportion, by alternation^ when 
antecedent is compared with antecedent, and consequent 
with consequent. 

155. Quantities are in proportion, by inversion^ when 
antecedents are made consequents, and consequents are 
made antecedents. 

156. Quantities are in proportion, by composition^ 
when the sum of antecedent and consequent is compared 
with either antecedent or consequent. 

157. Quantities are in proportion, by division^ when 
the difference of antecedent and consequent is compared 
with either antecedent or consequent. 

158. Two varying quantities are reciprocally^ or in- 
versely proportional, when one is increased as many times 
as the other is diminished. In this case, their product 
is a fixed quantity, as xy = m, 

159. Equimultiples of two quantities, are the results 
obtained by multiplying both by the same quantity. 
Thus, ma, and mb, are equimultiples of a and by 
whatever may be the value of m. 
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160. We shall proceed to demonstrate some of the 
most important properties of proportions, adopting both 
methods of writing proportions. , / 

Assume the proportion, 

a : b : : c : d: or, - = - • . . ( 1.) ' 

a c ^ ^ 

Clearing of fractions, we have, 

be = ad (2.) 

Hence, 

1. If four quantities are in proportion, the product 
of the means is equal to the product of the extremes. 

Conversely, if we divide both members of ( 2 ) by (vj, 

we shall have, - =: - ; or, a : b : : c : d. Hence, 

a c 

If the product of two quantities is equal to the 
product of two other qicantities, the first two may he 
m,ade the means^ and the second two the extremes, of 
a proportion. 

It follows, that of three proportional quantities, the 
square of the m^an is equal to the product of the 
extremes, 

K we multiply both members of ( 1 ) by ^ , and reduce 

the result to its simplest form, we shaJ have, 

- := -; or, a : c :: b : d • . (3.) 
a b . ^ ^ 

Whence, the following principle : 

2. If four quantities are in proportion, they will be in 
proportion by alternation. 

Let us assume the proportion, 

a \b\\ g \ f \ or, - = •^ . . (4.) 
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Comparing ( 4 ) with ( 1 ), we see that their first mem- 
bers are equal; hence, their second members must also 
be equal ; that is, 

- = "^ ; or, c : c? : : flr : / . . . (6.) 
eg ^ •' ^ ' 

Hence, the following principle : 

3. If the first couplets of two proportions are the 
samey the second couplets wUl form a proportion. 

Consequently, by alternation, if the antecedents of two 
proportions are the same in hoth^ the consequents will 
he in proportion, 

K we take the reciprocals of both members of ( 1 ), 
we shall have, 

d c ^ , ,^ . 

T = ;^; or, 6 : a : : a : c . . . (6.) 

Hence, the following principle : 

4. If four quantities are in proportion^ they will he 
in proportion hy inversion. 

If we add 1 to both members of ( 1 ), and also sub- 
tract 1 from both members, we shall have, 

h d ^ h d 

- + 1 = - + 1, and - - 1 = - - 1. 
a c a c 

Whence, by reducing to a common denominator, we have, 

6 4- a d+c - h — a d — c) 

= , and = ( , ^ . 

a c ' a c W7.) 

a : h-\-a : : c : c?+c, and a : h—a : : c : d—c ) 
Hence, the following principle : 
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6. If four quantities are in proportion^ they will Je 
in proportion by composition or division. 

If we multiply both terms of the ratio - , by m, its 
value will not be changed (Art. 61), and we shall have, 

— = -: or, ma : nib \i a : b . . (8.) 
ma a 

Hence, the following principle: 

6. Equimultiples of two quantities are proportional 
to the quantities themselves. 

If we multiply both terms of the first member of 
( 1 ), by m, and both terms of the second member by 
n^ the equality will not be destroyed, and we shall 

have, 

mb nd , •» / ^ \ 

— = — ; or, ma : mb : : nc : nd • (9.) 
ma nc ^ 

Hence, the following principle: 

1, If four quantities are in proportion^ any equi- 
multiples of the first couplet will be proportional to 
any equimultiples of the second couplet. 

If, in Equation ( 8 ), we suppose m = 1 ± - , in which 

p , , ^ , 

C is any fraction whatever, we shall have the following 

principle : 

8. If two quantities be increased or diminished by 
like parts of each^ the results wiU be proportional to 
the qua7itities themselves. 

If, in Equation ( 9 ), we suppose, m =z 1 ± - , and 
w — 1 ± — ^ , we shall have the following principle : 
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9. If both terms of the first couplet of a proportion 

he increased or diminished by like parts of each^ and 

if both terms of the second couplet be increased or 

diminished by any other like parts of each^ the results 

I will be in proportion. \ 

A continued proportion^ is one in which several ratios 
are successively equal to each other, as, 

b d f h ^ T T ^ , 

- = -=-=-, &c. ; or, a : b : : c : d : : e: f : : g : h^ 
a c e y 

&c (10.) 

From the preceding continued proportion, we evi- 
dently have the following equations: 

- = - ; whence, ba = ab, 
a a 



b _d 
a ~~ c 

? =/ 

a e 

b __ h 
a" g 



" be = ad. 



u 



cc 



be = af. 



bg = oA, ifcc. 



Adding and factoring, we have, • 

h(a + c + e + g ^ &c.) = a(^ + df +/ 4- A + &c.) 

Changing this equation into a proportion (Principle 1), 
^e have, 

aH-c+e + ^+&c. :^ + ^+/+ A + &c. : : a : 6; or, 

^ + <?-f/+A+ &c. _b 

a-fc4-e + ^+ &c. "^ a • • V -J 

Hence, the following principle : 

11 
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10. In any continu<til proportion^ the sum of aU the 
anieccdoits is to the sum of all the consequents^ as any 
antecedent is to the corresponding consequent. 

Let us assume the two equations, 

"1 = ^-. and ^=^. 
a c eg 

Multiplying these equations, member by member, we 
liavo, 

— = — ; or, ae : hf i: eg I dh . (12.) 

Hence, the following principle : 

11. If two proportions he multiplied togeth^Ty term 
by term^ t/ie products will be proportional. 

This principle may be extended to the multiplication 

of any number of proportions, term by term. 

1 



I 



-\ 
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161, A Series is a succession of terms, each of which 
is derived from one or more of the preceding ones, by 
a fixed law. This law is called the law of the series. 

When a certain number of terms are given, and the 
law of the series is kno^\^l, any number of terms may 
be found. There are, in general, an infinite number of 
terms in every series. 

The simplest series are. Arithmetical and Geometrical 
Progressions. 
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ARITHMETICAL PROGRESSIOIS'. 

169. An Arithmetical Progression is a series in 
which each term is derived from the preceding term, by 
adding to it a constant quantity. This quantity is called 
the common difference. 

When the common difference is positive^ each term is 
greater than the preceding, and the progression is said 
to be increasing. When the common difference is negor 
tive^ each term is less than the preceding, and the pro- 
gi-ession is said to be decreasing. 

Thus, 2, 4, 6, 8, &c., is an i7icreasing arithmetical 
progression, in which the common difference is +2. 

The series, 18, IG, 14, 12, &c., is a decreasing arith- 
metical progression, in which the common difference 
is — 2. 

Although there are an infinite number of terms in 
every progression, it is customary to speak of any finite 
number of consecutive ones, as constituting a progression. 
Thus, we call the succession of terms, 

3, 6, 7, 9, 11, 

a progression of 5 terms. 

If the terms of any increasing progression be taken in 
a reverse order, beginning at the last, there will result a 
decreasing progression. Thus, the progression, 

4, 8, 12, 16, 
becomes, when reversed, 

16, 12, 8, 4. 

If a decreasing progression, be, in like manner re- 
versed, there will result an increasing progression. 
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163, In every arithmetical progression, having a finite 
number of terms, there are five quantities especially to 
be considered, \ iz. : The first term^ the last term, the 
member of teryns, the common difference,^ and the sum 
of the terms. When any three of these are given, the 
other two may be foimd. In investigating rules for the 
solution of these different cases, let us denote 

The first term by a. 

" last term by L 

" number of terms by . . . . w. 

" common difference by . • . . <?. 

" sum of the terms by ... . s. 

The first and last terms Jire called extremes^ all the 
other terms are called Arithmetical means. 

Given a, d, and «, to find /. 

164. The second term is, by definition, equal to 

a -^ d; the third is equal to the second, increased by 

d, that is, it is a -{- 2d; the fourth term is equal to 

the third, increased by J, that is, it is a -{- Sd; and 

so on : hence, the n^^ term, or /, is equal to 

a -\- {7i—l)d ; or, 

I = a-{- {n- l)d . . . . (1.) 

That is, any term, is equal to the first term,, plus the 
product of the convmon difference by the number of 
preceding terms. 

EXAMPLES. 

1. The first term is 3, and the common difference 

is 3. What is the 7th term. 

Here, the number of terms preceding the 7th, is 6; 

hence, by the rule, the 7th tenn is, 3 + 3 x C, or 21 
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2. The first term is 24, and the common diflference 

— 3 ; what is the 6th term 2 

Ans, 24 4- 4 X — 3 = 12. 

3. The first term is 1, and the common difierence 
is H; what is the 25th term? 

Ans. 1 + 24 X 1^ = 37. 

4. The first term is 1, and the common difierence 

— I; what is the 13th term? 

Ans. l-fl2x— J=— 8. 

6. The • first term is — 6, and the common difier- 
ence 2 ; what is the 7th term ? 

Ans. — 6 + 2x6 = 7. 

Given a, I, and </i, to find s. 

165. Having given a, <?, and n, I may be found 
by the preceding rule. Having found the n^^ term, I, tx 
the preceding term is equal to I — d\ the term pre- 
ceding that, I — 2d^ and so on. If now, we write out 
the temis of the progression, and then write the same 
terms in a reverse order, the sum will be the same in 
both cases. 

Hence, we have, 

« = a + {a-\-d) + {a-\-2d) + . . . + {l-2d) + {l-d)-\-l. 
8 zn 1+ {l-d) + {l-2d) + . . . (a+2c?) + (a-f-df)+a. 

Adding these equations, teim by term, we have, 

28 = (a+0+(a+0+(«+0+- • •+(«+^)+(«+0 + («-f-0- 
Here, {a+l) is taken n times; hence, 

2s = n{a+l)\ or, s = ^n{a+l) . . (2.) 

That is, the sum of the terms is equal to the sum of 
the extremes^ multiplied hy half the number of terms. 
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Formula ( 2 ) can be placed under another form, by 
substituting for I its value taken from Formula (1). 

8 = in(a+a+(n-'l)d) = 9ia + ^^"" d, (3.) 

by means of which, the sum of the terms may be found 
more directly than by Formula ( 2 ). 

EXAMPLES. 

1. The first term is 2, the common diflference is 3, 
and the number of terms is 17. What is their sum? 

Ans. 17 X 2 H X 3 = 442. 

• 2 

2. The first term is |, the common difference — }, 

and the number of terms 20. What is the sum ? 

. ^^ 1 . 20 X 19 1 55 

Ans. 20 X - H X — - = -' 

2 2 8 4 

3. The first term is 20, the common difference is 

— 2, and the number of terms is 6. What is the sum ? 

6x5 
A71S. 6 X 20 H — X — 2 =90. 

4. The first term is 5, the common difference 3, 
and the number of terms 12. What is the sum? 

A71S, 258. 

5. The first term is — 2, the common difference is 

— 3, and the number of terms is 10. What is the 

sum ? Ans, — 155. 

• 

Formulas ( 1 ) and ( 2 ), contain five quantities : a, <?, n, 
Z, and s. If any three be assumed at pleasure, the 
remaining two may be deduced from the formulas. 
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GEOMETRICAL PROGRESSION. 

166 A Geometric.\x Progression is a series, each 
term of which is derived from the preceding one, by 
multiplying it by a fixed quantity. This quantity is called 
the ratio of the progression. 

167. When the first term is positive, and the ratio 
greater than 1, each term is greater than the preceding 
one, and the progression is said to be increasing. 
When the ratio is less than 1, each term is less than 
the preceding one, and the progression is said to be 
decreasing. 

Thus, the series 2, 4, 8, 16, &c., is an increasing 
progression, whose ratio is 2. 

The series 2, 1, i, |, ifcc, is a decreasing progression, 
whose ratio is \, 

168. When the ratio is negative, the terms of the 
progression are alternately positive and negative. The 
positive terms make up a progression whose ratio is 
equal to the square of the given ratio, and the nega- 
tive terms make up a second progression, liaving the 
same ratio. 

The progression 2, — 4, +8, — 16, <fcc., whose ratio 
is — 2, is made up of the two progressions, 2, 8, 32, 
<fec., and — 4, -—16, — 64, &c., whose ratio in each 
case is 4. 

169. In any geometrical progression, there are five 
quantities considered, any three of which being given, 
the other two may be found These quantities are: 
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• 

The first temiy denoted by .... a. 
" last term^ denoted by ..../. 
" number of terms^ denoted by . . n. 

" ratioy denoted by r, 

" sum of the terms, denoted by , , *. 

The first and last terms are called extremes; all the 
other terms are called Geometrical means. 

Given a, r, and w, to find I. 

170. The second term is, by definition, equal to the 
first multiplied by r, that is, it is equal to ar ; the third 
term is equal to the second, multiplied by r, that is, 
it is equal to ar^; the fourth term is equal to the 
third, multiplied by r, that is, it is equal to ar^; and 
so on to the w*^ term, which is equal to ar^ - * ; hence, 

I = ar""-^ (1.) 

That is, auT/ term of a geometrical progression is 
equal to the first term^ multiplied hy that power of the 
ratio whose exponent is equal to the nwfnher of preceding 
ter^ms, 

EXAMPLES. 

1. Find the 7th term of the series 1, 4, 16, &c. 
We have, ^ = ar"-^ = 1 X 4® = 4096. Ans, 

2. Find the 8th term of the series 2, 4, 8, &c. 

Ans. 256. 

3. Find the 12th term of the series 30, 15, 7^, &c. 

Ans, T^fy. 

4. Find the 8th term of the series 5, 25, 125, &c. 

Ans. 390625. 
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Giv^en a, r, and w, to find s. 
171. We have, from the definition, 

s = a + ar •\-ar^ + ... + ar"^-^ + ar*-^ ; 

Subtracting the first of the above equations fi:om the 
second, member from member, and factoring, 

s{r — 1) = a{r'^ — 1) ; 

r« — 1 



. • 



8 = 



= a .... (2.) 

r — 1 ' 



Had we subtracted the second from the first, we should 

have found, 

1 — r" 
8 = a-- .... (3.) 

When r is greater than 1, Formula (2) will be found 
more convenient ; when it is less than 1, Formula ( 3 ) 
is to be preferred ; but either may be used in any case. 

EXAMPLES. 

1. Find the sum of 8 terms of the series 5, 20, 80, &c. 

T-n __ 1 48 — 1 

8 = a = 6- , = 109225. Am. 

r — 1 4—1 

112 

2. Find the sum of 7 terms of the series - , - , -, &o. 

Z O u 

. 2059 

^"^^ 1458- 

3. Find the sum of 6 terms of the series 64, 32, 16, 
&c. Aiis. 126. 

4. Find the sum of 8 terms' of the series 2, — 4, 
+ 8, — 16, &c. An8. — 170. 
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172. Solving Formula (1), with respect to r, we 
have, 

n-l [T 

r = Va' ^^-^ 

a formula, by means of which we can find the ratiOy 
when the extremes and the number of terms are given. 
The same formula enables us to insert any number of 
geometrical means between any two numbers. Since the 
number of means is equal to the whole number of terms 
diminished by 2, we shall have, n ■— I = m+1, in 
which m denotes the number of means required. 

Substituting in (4), we have, 






EXAMPLES. 

1. Insert 4 geometrical means between i and 81. 

We have, r = ^81 -^ i = y^ = 3. Hence, the 
means are, 1, 3, 9, and 27. 

81 

2. Insert 3 geometrical means between 2 and — • 

Ans. 3, -, and --• 
' 2' 4 

3. Insert 4 geometrical means between 2 and 486. 

Ans. 6, 18, 64, 162. 

4. Insert 5 geometrical means between 1 and — • 

^ns. 1, I, i, tVj ii- 

5. Insert 4 geometrical means between 2 and 6250. 

Ans. 10, 50, 250, 1250. 
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Formula ( 3 ) may be placed under the form, 

a ar"" .. 

8 = .... (6.) 

When r is a fraction less than 1, and n very great, 
the numerator, ar", is very small with respect to the 
denominator ; and finally, when w = oo , the value of 
ar"^ is 0. In this case, the value of s reduces to its 
first term, and we have, 

S = ~ ••••••• I 7.) , 

1 — r 
ITS. In all cases of decreasing progression, the value. 1 
, is that towards which the sum of the series 



1 - r 

approaches, as the number of terms is increased. This 

term is called, the limit of the sum. 



4. 

EXAMPLES. 



1. Find the sum of the terms, 2, 1, i, J, &c., to 
infinity. 

We have, s = ■- = :; = 4. Ans. 

I — r 1 — ^ 

2. Find the sum of the terms, f, 1, |, &c., to 
infinity. Ans, 4^. 

3. Find the sum of the terms, 1, ^, f, &c., to 
infinity. Ans. f. 

4. Find the sum of the terms, f, ^, |, &c., to 
infinity. v A7is, 2f. 

6. What is the limit towards which the sum of the 
series 1, f, ^f, &c., approaches, as the number of 
terms increases? Ans. 5. 

6. What is the limit of the sum of thtf series 
1> f» A» &e. ? Ans. 4. \ 



r 



I 
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PROBLEMS. -, 

I 1. The sum of three terms in geometrical progressioo 



' is 21, and the sum of their reciprocals is y^. What are 
the terms? 

Denote- the first term by aj, and the ratio by y\ 
We shall have, from the conditions of the problem, 




i + ^+A 

From (1) and (2), we find, 

1+y + y^ = ^ .... (3.) 

1 + y + y2 ^ l^xy^ . . . (4.) 

21 7 
.-. — = Y^ay^; or, jbV = 36- or, a5y = 6. 

Substituting the value of xy in (4), 

1 + y + y2 = - X 6y. 
• • • y^ - 2^ = - 1- 



^ 5 /25 7 

Or, y = - ± ^^^ - 1. 



Or, using the positive value of y only, we have, 

y = 2 ; whence, aj = 3. 
The terms are^ therefore, 3, 6, and 12. 

2. The population of a town increases annually m a 
geometrical ratio, and in three years the population rises , 
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from 120000 to 138915. Find by what part of itself it 
is increased? 

Let X denote the ratio after each increase. 

IVom the conditions of the problem, 

120000a;3 = 138915; 
Or, 8000a^ = 9261. 

20a; = 21 ; or, x = 1^^. 

Hence, each year, there is added one-twentieth of its 
population. 

3. The sum of a geometrical progression to an infi- 
nite number of terms is 2, and the sum of the squares of 
the terms of the same series is a. • What is the first 
term, and the ratio of the given progression? 

Let X denote the first term, and y the ratio. We 
shall have, 

X 

y 

x^_ 4 



X + xy + xy'^ + &c. = j— — = 2, ( 1.) 

if 

a.2 4. a.2y2 ^ a;2y4 _j_ &c. = r = - . (2.) 

1 — y 3 



Dividing (2) by (1), 

1^ = |; or, SiB = 2+2y . . (8.) 

From ( 1 ), we have, 

a; = 2 - 2y (4.) 

From ( 3 ) and ( 4 ), by combination, 

a; = 1, and y. =^. 

The series is, therefore. 
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4. The population of a town increases annually in 
geometrical progression, and in four years is raised from 
10000 to 14641. By what part of itself is it increased 
each year? Ans. y^* 

5. Find 4 numbers in geometrical progression, such 
that the sum of the means shall be 36, and the sum of 
the extremes shall be 84. Ans. 3, 9, 27, and 81. 

6. Insert 3 geometrical means between ^ and |J. 

INDETER^riNATE COEFFICIENTS. 

174. An identical equation is one which is true for 
all possible values of the unknown quantities which enter 
it. Thus, 

/Tr2 ___ Q»2 

ax -\- b — ax + b^ = a + x, 

a — X 

are identical equations. 

175. Every identical equation containing but one un- 
known quantity, can be reduced, to the form of, 

p + qx -{- 7^"^ -^ &c. = p^+ q'x + r'ic^ -4- 4fcc. ( 1.) 
Or, by transposition, to the form, 

(i> -i^') + ( ^ — 9.')^ + (^ - 0«^ -^ *c. = 0. (2.) 

176. From the definition above given, the unknown 
quantity may have an infinite number of values, that is, 
it is indetei-minate (Art. 74). 

177. The coefl[icients of the diiferent powers of the 
unknown quantity in Equation ( 2 ) being coeflScients of 
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mdeterminate quantities, are called Indeterminate Co- 
efficients. 

17§, We have, from Equation ( 2 ), by transposition, 

{^ — g^)x + {r'-r')x^ + &G. =z p^—p . . (3.) 

From the definition of an identical equation (Art. 1 74), 
it must be of such a form as to be satisfied for every 
possible value that may be attributed to x. Hence, 
Equations ( 1 ), ( 2 ), and ( 3 ), must be true for every 
value of X ; consequently, for the value of a; = 0. Sub- 
stituting this value in the first member of Equation ( 3 ), 
reduces it to zero: hence, jt>'—jt> = 0, or jt> = p\ 

Making p = p\ in Equation ( 3 ), and dividing through 
by a;, we have, 

q — q' + {r — r')x + &c. = 0. 

In the same manner as before, it may be shown that 
q = q\ and by continuing the same course of reasoning, 
we can show that r = r', and so on ; that is. 

The coefficients of the different powers of the un- 
known quantity^ in J^qudtio7i ( 2 ), are separately equal 
to ; or the coefficients of the like powers of the un- 
known quantity in the two members of JEJquation ( 1 ) 
are separately equal to each other. 

This principle, called the piinciple of indeterminate 
coefficients, may be enunciated as follows : 

In any identical equation^ containing but one inde- 
termitiate quantity^ the coefficients of tJie like powers 
of this quantity in the two members^ are separately 
equal to each other. 



12 



170. If an identical equation contains more than one 
indeterminate quantity, it may be shown by a similar 



248 
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course of reasoning, that the coefficients of the like 
powers and combinations of powers of these quantities, 
in the two members, are separately equal to each other. 
Hence, the following general principle : 

In any identical equation containing any number 
of indeterminate quantities^ the coefficients of the like 
powers and combinations of powers of these quantities^ 
in tlie two members^ are separately equal to each otJw, 

The principle of indeterminate coefficients is much used 
in developing expressions into series. To illustrate, let 

it be required to develop the expression, — ^, 

into a series. 

Assume the equation, 

2 -I- 3a; 
Z + ^x + 5x^ = i? + ?a: + ««=> + «c3 + &c. (1.) 

and suppose it identical. 

Clearing of fractions, we have. 



2 + 3a; = 3^ + 4jt? 



x^ H- bq 



+ 4r 
+ 35 



x^ + &c. 



X -\- bp 
+ 42' 
+ 3r 

From the principle of indeterminate coefficients, we have, 

2 = 3^, .-. p = %. 

3 = 4/? + Sg', . • . g' = f . 
= 5/> + 42^ + 3r, . • . 
= bq-\- 4.r + 35, 



yt — 34 



.-. s = '/J, <fcc. 

Substituting these values in ( 1 ), we have the required 
series, 

2 4- 3a; _ 2 1 ^4 121 

3 + 4a; + 5a;2 - 3 "^ 9^ " 27^^ "^ sl'*'' ""' " 
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In like manner, any similar expression may be developed 
into a series. Hence, the following 

RULE. 

Assume the expression eqital to a series of the form^ 
p + qx-{- rv? -f cfec, in which j», q^ r, cfec, are quanti- 
ties to he determined. Clear the equation of fractions^ 
and place the coefficients of the like powers of the 
unknown quantity in the two members separately equal 
to each other. Then find; from, the resulting equations^ 
the values of p^ q^ r, cfec, and substitute these values 
in the assumed development, 

EXAMPLES. 

1. Develop , , into a series. 

^ 1 + aj 

OPERATION. 
1- SB 



1 -f 05 

Clearing of fractions, 



=.p-^qx-\-r^-{'SQi?-\- &c. 



X + r 



x'^ + s 
+ r 



x^ + Ac 



1 — SB =^ p + q 

+P 
Equating coefficients, 

1 = ^, , ' . p z= 1. 

— l = q +P^ ••• q = -2, 
= r + q^ . • . r = 2. 

= 5 + r, .'. 5=— 2, &c 
Substituting, 

1 —X 



1 +x 
11* 



= 1 — 2aj + 2aj2 — 2x^y &c. 
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The law of the series is evident, and any number of 
terms may be written. 

1 35 

2. Develop t— ■ — -^ into a series. 

^ 1 + JB + a;2 ' 



1 —X 



1 +a;H- aj2 



OPERATION. 

p + qx + rx^+ sx^ + &c. 



Clearing of fractions, 

I — X z=: p + q 



Equating coefficients, 

-1 = q+p, 
= r + q -{-p, 

= 8 +r -{- q, 



x + r 


a? + » 


+ g 


+ r 


+p 


+ g 



x^ + Ac. 









p 


— 


1. 




9 


= 


— 


2. 


r 


— 


1. 




8 


— 


1, 


&c. 



Substituting, 
1 -x 



1 -f- aj -f aJ^ 



= 1 — 2a; 4- ic2 + a^ — 2iB* + a* + 05® — 2a;', &c 



1 -+- 2a; 

3. Develop — , into a series. 

^ 1 — 3a; 

Ans. 1 + 5a; + 15a;2 + 45a^ + 135a;* + &c. 

. -r. 1 1 + 2a; 

4. Develop 5, mto a senes. 

1 1 -— jc — a;2 

^n5. 1 4- 3a; 4- 4a;2 4- 7a;^ 4- &c. 

When the numerator of the fraction contains the un- 
known quantity to a higher power than the denomi- 
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nator, we first reduce it to a mixed quaDtity, in which 
the numerator of the fractional part is of a less degree 
than the denominator, and then develop the fractional 
part, hy the rule, annexing the result to the entire part. 

6. Develop , into a series. 

Reducing to a mixed quantity, 

1 + aa;2 - aj3 1 



a — X a ^ X 



Developing, by the rule, 



= - + Z5 + z^ + «^c. 



a-^x a a* a 



2 • /,3 



u 



a — X a a^ a^ a* 



180. When the deifominator of a fraction can be 
resolved into factors, the fraction itself can be resolved 
into partial fractions having these factors for denomi- 
nators, by the principle of indeterminate coefficients. The 
preceding remark is also applicable here, namely, when 
the degree of the numerator is higher than that of the 
dei»ominator, the fraction must be changed to a mixed 
quantity, as before. The method of proceeding is indi- 
cated in the following example : 

1. Resolve the fraction, —^ -j, into partial fi-actions. 

OPERATION. 

Assume, — r, = — ^ 1 — , in which' » and q 

are to be determined. 
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Clearing of fractions, 

2a^ = pa —'px+ qa + qx. 
Equating the coefficients of the like powers of as, 



2a^ = pa -{• qa 



\ 



= ~2^ + q 

Whence, q = a^ and p = a. 

Substituting in the assumed equation, 

2a^ a a 



a^ — aj2 a — X a -{- x 



2. Resolve ^__^^_^ + ^_^^ , into partial frao 
tions. 

OPERATION. 

Assume, 

x^ — X + 2 p q r 

+ ~ t: -r 



(a; — 1) (a;— 2) (a— 3) x — 1 a; — 2aj--3 
Clearing of fractions, 
x^-x+2 = p{x^—5x+6) + 2'(a;2— 4a;+3) + r(a52-3a;+2). 

Equating coefficients, 

2 = 6p + Sq + 2r 
— 1 = ■— 5p — 4q ^ Sr 

1 = p + q + r. 

. • . j9 = 1, 2' = — 4, and r = 4. 
Substituting in the assumed equation, 

aj2--a; + 2 1 '^i'* 



(a;--l)(aj— 2)(aj — 3) x -— 1 x — 2 x — 3 
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8. Resolve the fraction, -r , into partial 

- . x^ — Qx + S ^ 

fractions. 

.71 11 

Ans. - • 



2a; — 4 2a; — 2 

5 — X 
4. Resolve -^ into partial fractions. 



1 — a; 1 + a; 
3 2x 4a^ 

^ ': ^""^^^^ (l+2»)(l,-2a,)(l-a,) ' ^*« ^^^^ 
fractions. 

Ans, - — —- — h — \- 



l + 2a; 1 — 2a; 1— a; 

When the denominator is of the second degree, it can 
always be resolved into two factors of the first degree, 
by placing it equal to 0, and finding the roots of the 
equation; then, the factors will be found by subtracting 
each root from the unknown quantity. 

We have hitherto supposed that the factors of the 
denominator are unequal. When the factors are, some 
of them, equal, we proceed as in the following example : 

3/jj2 >r/j. I g 

6. Resolve — 7 -t:^ — , into partial fractions. 

(a; — l)"^ 

. Soi^ — 1x+ Q p , q , r 

Assume, —7- -^r— = j-^-:rr^ + . ^ ,x, -I- 



{x - 1)3 (a; - 1)3 (a - 1)2 a - 1 

Clearing of fractions, 

3a?2.— 7a; + 6 = jt? + ^'(a; — 1) + r(aj2 — 2a; 4- 1). 

Equating coefficients, 

6 =z p — q + r^ 

— 1 = q — 2r > 

3 = r 

. • . jt> = 2, 2' = — 1, and r = 3. 
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Substituting in the assumed equation, 
3aj2 — Taj -I- 6 2 



+ 



(a;— 1)^ {x-lf {x—iy x-l 

au 

7. Resolve 7 -^. into partial fractions. 

Arts. -. -TT, + 



(aj-l)2 • aj-l 

jc + 2aj^ 
8. Resolve —, -r^, into partial fractions. 

. 3aj 2a; 

Ans. 7 -7^ 4- 



(aj— 1)2 (a;-l) 

■ 

1 ~~ aj "4~ aj2 

9. Resolve -. 7TT-5 ii^to partial fractions. 

(aj — 1)3 ^ 



(a; — 1)3 ' (aj — 1)2 • aj- 1 



a;2 



10. Resolve y-^ — rr-T o\» ^^^ partial fractions. 

(a; "~~ 1 ^ (a; ^~ ^1 



-^715. -7 ^;r — - -7 r- + 



I 



3(a;-2) 2(a; - 1) ^ 6(a; + l) 

Other applications of the principle of indeterminate 
coefficients will be given hereafter. 

181. Fractions and radical expressions n&y be de- 
veloped into series, in many cases, by means of the 
Binomial Formula. As yet, the Binomial Formula has only 
been demonstrated for positive and entire exponents, in 
which case, we have seen that the number of terms in 
the development will always be finite. When, how- 
ever, the exponent is negative or fractional, the number 
of terms will be infinite, that is, the development ^^'ill 
be a true series. The method of developing expressions 
into series, as also the method of summing series, will 
be explained in the Appendix, after the general demon- 
stration of the Binomial Formula. 

ft 



. • 
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CHAPTER XI. 

LOGARITHMS. 

183. The Logarithm of a number is the exponent 
of the power to which it is necessary to raise a fixed 
number to produce the given number. The fixed num- 
ber is called the base of the system. 

183. If we denote any positive number, except 1, 

by a ; any positive number whatever by w, and the 

exponent of the power to which it is necessary to raise 

«, in order to produce n, by a;, we shall have the 

exponential equation, 

a' z= n (!•) 

In this* equation, a is the hase^ n any positive num- 
ber, and X is the logarithm of w. It is plain, that a 
cannot be negative, neither can it be equal to 1, be- 
cause all powers of 1 are equal to 1. 

I^ whilst a remains fixed in value, we suppose n 
to assume in succession every value from to oo , 
the corresponding values of ar, taken together, will con- 
stitute what is called a system of logarithms. Since 
there are an infinite number of different values that may 
be attributed to a, it follows, that there are an infinite 
number of systems of logarithms. Of these, t\^ o only 
are in general use, viz.: that system whose base is 10, 
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called the common system, ; and that system whose base 
is 2.718281828..., called the Naperian system. 

In what follows, we shall designate common logOr 
rithms by the symbol log^ Naperian logarithms by the 
symbol ?, and logarithms taken in any system whatever 
by the symbol Log, 

184. If we make a == 10, in Equation ( 1 ), we 
shall have the equation, 

10* = w (2.) 

When n is made equal to 1, in Equation (2), the 
corresponding value of x is 0. When n is made equal 
to 10, the corresponding value of ic is 1. When n is 
made equal to 100, the corresponding value of a; is 2; 
and so on. Hence, we have, from what precedes, 

log 1 = 0, 
log 10 = 1, 
log 100 = 2, 
log 1000 = 3, <&c. 

For all values of n between 1 and 10, the cor- 
responding logarithms lie between and 1 ; that is, they 
are fractions less than 1, and are generally expressed 
decimally. For all values of n between 10 and 100, 
the corresponding logarithms lie between 1 and 2; that 
is, they are equal to 1 plus a decimal. The logarithms 
of all numbers between 100 and 1000, lie between 2 and 
3 ; that is, they are equal to 2 plus a decimal. In 
general, a logarithm is composed of two parts: an 
entire part^ called the characteristic; and a decimal 
part^ sometimes called the mantissa. 

Logarithms are often used to facilitate numeiical com- 
putations, where they serve to convert operations of mul- 
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tiplication and division into the simpler ones of addition 
and subtraction. The following principles indicate the 
methods of applying logarithms to arithmetical compu- 
tations. 

GENERAL PRINCIPLES. 

1§5. Let a denote the base of any system of loga- 
rithms, m and n any two numbers, and x and y 
their logarithms. We shall have, from Equation ( 1 ), 

a' = m (3.) 

av = w (4.) 

Multiplying (3) and (4), member by member, we have, 

a*"*"y = mn. 
Whence, from the definition, 

a; + y = Log mn . . . . ( 6.) 

That is, the logarithm of the product of two numbers 
is equal to the sum of the logarithms of the two num- 
bers. 

If we divide (3) by (4), member by member, we 

shall have, 

m 

a'-y = — • 
n 

Whence, from the definition, 

aj-y = Log - (6.) 

That is, the logarithm, of the quotient is equal to 
the logarithm of the dividend diminished by that of 
the divisor. 

If we raise both members of ( 3 ) to any power denoted 

by p, we have, 

a = m . 

12 
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Whence, by definition, 

px = JjOgmP . . . (7.) 

That is, the logaritJim of any power of a number U 
equal to the logarithm of the number multiplied by the 
expo7ie7it of the power. 

If we extract any root of both members of (3), 
denoted by r, we have, 

Whence, by definition, 

r Log K^ .... (8.) 



X 

r 



That is, th^ logarithm of any root of a number is 
equal to the logarithm, of the number divided by the 
index of the root. 

The applications of the above principles require a table 
of logarithms. A Table of Logarithms, is a table by 
means of which tlie logarithm corresponding to any num- 
ber, or the number corresponding to any logarithm, may 
be found. 

The principles above demonstrated, give nse to four 
practical 

RULES. 

1. To find the product of two or more numbers. 

Find the logarithms of the factors from a table^ and 
tale their sum ; then find the nuynber corresponding to 
the resulting logarithm^ and it will be the product 
required, 

2. To find the quotient of one number by another. 

Find the logarithm's of the dividend and divisor from 
a tabUy and subtract the latter from the former ; then 
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find the number corresponding to the resulting logor 
rithni^ and it will he the quotient required* 

3. To raise a number to any power. 

Find the logarithm of the number from a table^ and 

multiply it by the exponent / then find the number 

corresponding to the resulting logarithm^ and it will 
he the power required. 

4. To extract any root of a number. 

Find the logarithm, of the number from a table^ and 
divide it by the index / then find the number corres- 
ponding to the resulting logarithm^ and it will be the 
root required, 

No practical examples can be given to illustrate the 
preceding rules, without a table of logarithms. A few 
examples of transformation are, however, annexed, which 
serve to show the methods of proceeding in the em- 
ployment of logarithms. 

EXAMPLES. 

ahe 



1. Transform the equation, a; — 

•/ 

From Equations (5) and (6), using common loga- 
rithms, we have, 

log X = log a + log b + log c — log d — log/. 

a'^b^ 

2. Transform the equation, x = ~=^ • 

^a 

From Equations (5), (6), (7), and (8), we have, 
logjB = 7 log a + Slog 5 — flog a = 6| log a + 8 log b. 



•m 
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3. Transform the equation, x = — ■—- • 

Ans. Log a; = f log a + 4 log 5 4- J log /• 

-ilog/-ilog^. 

4. Transform the equation, x = ^^ — -^« 

Ans. log a; = J log 5+ J log 6— | log 3— | log 2. 

6 Transform the equation, x = ^^ , — ^ — . 

Ans. log a; = ^ log {a — b)-{-i log a + i log 3 

-ilog(a+ft)-|logc. 

r„ ^ , . a^ — 2ba^+dc^a 

6. Transform the equation, x = — r ^ =-• 

a^ — oa + 4ca 

Dividing both terms of the fraction by a, and fiictor- 



mg, 



aj = 



a la — 2ft H j 

, , 4tcd 
a — + — 



'\*- 



Making — = A, 

whence, log h = log ft + 2 log c — log a ; . . . ( a.) 

and, = h\ 

a 

whence, log A' = log 4 + log c + log df — log a; , (ft.) 

we find, 
log X = log a + log (a — 2ft + h) — log (a — ft 4- A')* 

A and A', may be foimd from Equations (a) and (ft) 
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and then the value of x may be found from the final 
equation. 

7. Transform the equation, 

2a* - 3a53 + b^ ^ \ a^ '^ a^j 



X = 



a — 3ft + 



a" 



Making 

— = m, whence, logm = log 3 + 3 log J— log a; (a.) 

b* 

— = 71, whence, log n = 4 log 5 — 3 log a ; . . (ft.) 

4ft^c 

— - = r, log r = log 4 + 2 log ft + log c — 2 log a; ( c.) 

we find, 
log X = log a + log (2a — m + n) — log (a — 3ft + r). 

w, M, and r, may be found from Equations (a), (ft), 
and (c), and then a; may be computed fi'om the final 
equation. 



8. Transform the equation, x = \a xvb X y^, 

Ans. log X = i log a + J log ft + 1 log a 

The General Principles serve also to solve exponential 
equations, that is, equations in which the unknown quan- 
tities enter an exponent. 

Solve the following equations : 

9. 1' = 13. 

Taking the logarithms of both members, we have, 

X log 7 = log 13. . • , aj = -r-2 — J- . Ans. 

/5\« 2 .^ log 2 — log 3 

10. (-) = --. Ans. X = ,-^— — r^' 

\ 7 ' 3 log 6 — log 1 
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11. ah^ = c. Ana. x = l?g_^ZL^. 

log b. 

/log 5\3 

12. 3>/i=6. Ans. (i^)- 

.• ■ V ".'J ' 

13. a* = <?• ' ' 

Making ^ 

b* z=z d: whence, a** = c, or <? = . ° , and aj = . ° - • 

log a log o 

First find the value of d^ then that of x. 



I ■* 



14. a'bv = c ) ^^ ' • . 

fwy = na; ) 

Taking the logarithms of both members of the first 
equation, we have, 

X log a 4- y log 5 = log c. 

Combining this with the second of the given equations, 

we find, 

m lo*:: c , • n log c 



m log a -{- n log 5 ' ^ m log a -h w log 6 

15. (a2- J2)2(*-i) ^ (a -5)2'. 

log (a + 5) 

16. 2'3y = 2000 ) 
6aj — 3y = ) 

Taking the loganthms of both members of the first 

equation, remembering that the logarithm of 2000 is 

equal to the logaiithm of 1000 X 2, equal to 3 -f- log 2, 

we have, 

a; log 2 4- y log 3 = 3 + log 2 ; 

which, combined with the second of the given equa^ 
tions, gives, 
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^ 3( 3 4- log 2) ^ 5(3 + Jog 2) ^ 

3 log 2 -f 5 log 3 ' ^ 3 log 2 + 6 log 3 

17. 2* = V2 X^S X -y/h. 

Ana ;,_ *^^g2+ilog34-ilog5 

log 2 



18. 6» = 7. ^/w. OJ = \/jp-] • 



u 



log 

J 



GENERAL PROPERTIES OF LOGARITHMS. 



186. There are certain general properties of loga- 
rithms that may be discovered by a discussion of the 

exponential equation, 

a' = n (1.) 

In this equation, the arbitrary quantities are a and 71, 

First. If we make w = 1, the corresponding value 
of X will be 0, whatever may be the value of a, since 
a® = 1, (Art. 31). Hence, 

Tlie logarithm of 1, in any system tohatever^ is 
eq^eal to 0. 

Second. If we make n =: a, the corresponding value 
of X will be 1, whatever may be the value of a. Hence, 

T/ie logarithm of the base of any system^ taken in 
that system^ is 1. 

Third. If we suppose a > 1, say 10, for example, 

we shall have, 

10* = n. 

When ri = 1, the value of a;, or the logarithm of 1, 
is ; when /i = oo , the value of aj, or the logarithm 
of Qc,is 00. The logarithms of all numbers between 
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1 and ^ , lie between and oo , that is, tliey are 
positive. 
When n is less than 1, x must be negative, giving 

— = 71 ; when n = 0. x will be infinite, in the last 
10* ' 

equation, because -— s = 0, therefore, x = — oo , in the 

given equation, that is, the logarithm of is equal 
to — 00 . Hence, 

In any system whose base is greater than 1, the loga- 
rithms of aU numbers greater than 1, are positive ; the 
logarithms of all numbers less than 1, are negative/ the 
logarithm of oo , is+oo j and the logarithm o/O, is — co. 

Fourth, If we suppose a < 1, say — , for example, 

we shall have, 

- — = w, or 10"* = n, 
10' 

In this case, the positive values of x correspond to 
the negative values of cc in the preceding case ; and 
the negative values of jc, to the positive values, in the 
preceding case. Hence, 

In any system, whose base is less than 1, the logo- 
rithms of all numbers greater than 1, are negative; the 
logarithms of aU numbers less than 1, are positive; the 
logarithm of oo, is -r- oo, and the logarithm of 0, 

is 4- 00. 

Fifth. Since, for every value of x between — oo 
and -f 00, that is, for every real value of a;, the values 
of n lie between and + Q^i whether a is greater 
or less than 1, it follows that there are no real values 
of X, which, substituted in the equation, a* = 7*, will 
make n negative. Hence, 



\ 
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There are no real logarithms corresponding to nega- 
live numbers. 

Although there are no logarithms of negative num- 
bers, we may multiply negative numbers by means of 
their logarithms. We must regard the numbers as posi- 
tive ; and, having applied the rules, we must give the 
proper sign to the result, according to the rule of 
signs. Thus, to multiply 27 by — 435, we find the pro- 
duct of 27 and 435, and give to it the minus sign, — . 



/ 
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CHAPTER XII. 

GENERAL THEORY OP EQUATIONS. 

187. Every equation containing but a single un- 
known quantity, whose exponents are whole numbers, 
may be reduced to the form, 

X* +jtxc'»-^ -f qx'^-'^ + &c. + sx^ + tx + u z=z (1.) 

In this equation, n is a positive whole number, but 
the coefficients />, q^ &c., may be either positive or 
negative, entire or fractional, real or imaginary. The 
method of reducing equations to the form ( 1 ), is entirely 
analogous to that given for reducing equations of the 
second degree to the form. 

x^ + 2/xc = q ; 

and since the reduction can always be made, we shall 
hereafter, in speaking of equations, suppose them reduced 
to the form of Equation ( 1 ), unless the contrary is 
expressly mentioned. 

188. Any value of x, either real or imaginary, which 
when substituted for cc, in Equation ( 1 ), will satisfy it, 
that is, make the two members equal, is a root of the 
equation. 

It is evident, that Equation ( 1 ) has at least one root, 
for if the first member is equal to 0, it must be so for 
some value of a;, either real or imaginary, and this value 
of X is, by definition, a root. 
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PROPERTIES AND TRANSFORMATIONS OF EQUATIONS. 

I. In every equation of the form (1), if a is a 
root^ the first member is divisible by x— a. 

189. For, by applying the rule for division, and con- 
tinuing the operation till a remainder is found which 
does not contain x, denoting the quotient by m and the 
remainder by w, we shall have, 

x'^+px^-^ + &C.+ tx + u = (x—a)m -^ n (2.) 

Now, if a is a root of the proposed equation, it will 
reduce the first member of ( 2 ) to 0, when substituted 
for x; it will also reduce the first term of the second 
member to ; hence, n is also equal to 0, that is, the 
remainder is 0, and consequently the first member is 
exactly divisible by x — a, 

n. Conversely, if the first member^ of an equation of 
th£ form ( 1 ) is exactly divisible by x — a, then is a 
a root of the equation, 

190. For, in this case, the remainder n is equal to 
0, which reduces Equation ( 2 ) to tlie form, 

jc" -{-px^-^ + <fec. -^ tx -\- u z= (x — a)m ( 3.) 

I^ in ( 3 ), we make aj = a, the second member reduces 
to ; consequently, the first member also reduces to 0, 
which satisfies Equation ( 1 ). Hence, a is a root of ( 1 ), 
as was enunciated. 

It follows, from the preceding propositions, that we 
can ascertain whether a polynomial containing x is exactly 
divisible by a binomial of the form, x — a, by simply 
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substituting a for x in the polynomial. If the result is 
0, the polynomial is divisible by x — a; if it is not 0, 
the polynomial is not exactly divisible by cc — a. 

in. Every equation of the form ( 1 ), has as many 
roots as there are units in n, and no more, 

191. Since the equation has at least one root, let 
that root be denoted by a, then will x — a be a 
factor of the first member; the first term of the other 
factor is cc**-^, and the exponent of a, in each of the 
other terms, is less than /i — 1 ; hence, the given equa- 
tion may be written under the form, 

(a? — a) (»'»- 1 +i?'a;" -^ + &c. + «'« + w') = . ( 4.) 

Now, Equation (4) may be satisfied in two ways, viz.: 
by placing the first factor equal to 0, or by placing the 
second factor equal to 0. In the latter case, we shall 
have the equation, 

a;n-i 4.yaj»-2 -f &c. + «'a5 + w' = . . (6.) 

Now, Equation ( 5 ) has at least one root ; let that root 
be designated by 5; then it may be shown as before, 
that Equation ( 5 ) can be written imder the form, 

(x - h) («« - 2 -f j!)"a;« - 3 + &c. + t"x -{- u") = ; (6.) 

which reduces Equation ( 4 ) to the form o^ 

(a;-a) (a;— 5)(aJ'»~2 4.y/a.n-3+^c. +«"aJ+w'0 = (7.) 

In the same manner as before, it may be shown that 
the second factor of the first member of (6) can be 
placed equal to 0, and factored, giving, 

(aj c) (ar» - 3 + p'ffg.n - 4 + &c. + «'"aj + u"') = ; 



PBOPKBTIES OF KQUATION8. 269 

which reduces Equation ( 4 ) to the form, 

{x-a) {x-h) {x-c) (a;'-3+y'a;'»-^4-&c. -f ^'aj+w'") = 0. 

By continuing the process, it may be sho^vn that the 
first member will ultimately be resolveil into just as 
many binomial factors, of the form, {x — a), {x — h\ <fcc., 
as there are units in n. Hence, Equation ( 1 ) may bo 
written under the form, 

(a— a) {x—h) (jc— c) . . . {x—h) (a—/) = 0. . . (8.) 

Equation ( 8 ) may be satisfied, by placing cither of 
the factors, a; — a, x — b, &c., equal to 0, and either 
fiictor being placed equal to 0, gives a root. Now, 
since there are n factors, the equation has n roots, 
and since the equation cannot be satisfied except by 
making one of the factors equal to 0, there are only 
n roots : which was to be shown. 

If both members of Equation ( 8 ), be divided by either 
of the factors, x— a, jb — 5, &c., it will be reduced in 
degree by 1. It is to be observed, that some of the 
roots, and consequently, some of the binomial fiictors, 
may be equal to each other. 

EXAMPLES. 

1, One root of the equation, ic^— 9x^+ 20a; — 24 = 0, 
is 4 ; what does the equation become when freed of 
this root ? 

OPERATION. 



aj3— 9aj2+ 26a5 — 24 
x^— 4x^ 

— 6a;2+ 26aj 

— 5x^+ 20a5 

6^— 24 
6aj— 24 



a; — 4 



x^— 5x + 6 
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Hojice, the required equation is, 

«2 — 6a; -f 6 = 0, 
an equation that may be solved by known roles. 

2. One root of the equation, ar^ — 37a; — 84 = 0, ifl 
+ 7 ; what does it become when freed of tliis root ? 

Ans. a;2 + 7a; + 12 = 0. 

3. One root of the equation, a;^— lla;2 4-16a;4-84 = 0, 
is — 2 ; what does the equation become when freed of 
this root? Ans, a^ ~ 13aj+ 42 = 0. 

4. One root of the equation, a?*+ Ix^— 4a; — 28 = 0, 
is — 7 ; what does the equation become when freed of 
this root ? Ans. ai^ — 4 = 0. 

6. One root of the equation, a;3_i2a;24-47a;— 60 = 0, 
is 3 ; what are the other roots ? Ans. 4 and 5. 

6. One of the roots of a;^^ 9^52 _j_ 26a; -f 24 = 0, is 
— 4 ; what are the other two ? Ans. — 2 and — 3. 

7. Two roots of the equation, a;*— 12a;3_|. 4.qx^—6Sx 
+ 15 = 0, are 3 and 5; what are the other two? 

Ans. 2 + v^ ^^^ 2 — -/S. 

8. One root ot the equation, a;^— 6a;2+lla;— 6 = 0, 
is 1 ; what are the other two. Ans. 3 and 2. 

192. Equation ( 8 ) indicates the method of forming 
an equation whose roots are given. 

RULE. 

Subtract each root from the unknown quantities y 
multiply the resulti?ig binomials together^ and place the 
product equal to 0. 
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EXAMPLES. 

1. Find the equation whose roots are 1, 2, and 3. 

Subtracting each root from a;, we have the binomial 

&ctors, 

aj — 1, CB — 2, and cc — 3. 

Multiplying them together, and placing the product 
equal to 0, we find, 

a3 — 6a;2 + lla; — 6 = 0, 

which is the required equation. 

2. Find the equation whose roots are — 7 and -- 4, 

Ans, a;2_|>iia;_)_ 28 = 0. 

3. Find the equation whose roots are 3, 4, and — 7. 

Ans, a^ — Six + 84 = 0. 

4. Find the equation whose roots are — 1, — 4, and 

— 8. Ans, x^ + Idx^ + Ux + 32 = 0. 

5. Find the equation whose roots are — 2, — 2, 
+ 4, and —4. Ans, a^+4aj3--12a^-64a;— 64 = 0, 

6. Find the equation whose roots are equal to — 3, 

— 3, and — 3. Ans, x^ + 9a;2 + 27a; + 27 = 0. 

7. Find the equation whose roots are 2, 3, 5, and 

— 6. Ans, aj* - 4a^ — 29aj2 -f 156a; — 180 = 0. 

8. Find the equation whose roots are 1, 2, and — 6, 

Ans. a;3 + 2a;2 — 13a; + 10 = 0* 

9. Find the equation whose roots are 3, 4, — 1, 
and — 6. A9is, a^ — 31a;2 + 42a; + 72 = 0. 

10. Find the equation whose roots are — 3, — 4, 

2 + 3 -/—"ij and 2 — 3^— 1- 

Ans, a;* -h 3a;3 — dx^ + 43a; + 166 = 0. 
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193. The above results have been obtained by tho 
process of actual multiplication of the binomial factors. 
Tlicre is, however, a simple law, by means of which 
the coefficients of the different powera of the unknown 
quantity may be found. To demonstrate the law, let 
cr, 5, c , , , k^ /, represent the roots of an equation of 
the n}^ degree. Forming the iactors, according to the 
rule, we have, 

(jB — a) (a; — 5) {x — c) . . , {x — k) (aj — ?) ; 

If we perform the multiplication as £ir as three factors, 
we shall have the result shown below: 



aj — a 
X — b 


X + ab 




x^— a 
-ft 




X — c 






x^— a 

- b 

— c 


aj2+ ac 
-f be 
+ ab 


X 


— abc 



Examining this product of three factors, we see that 
it is subject to two simple laws of formation. 

1. The €X2?077e7it of x, in the first term^ is equal to 
the number of /actors employed^ and it goes on dimiri' 
ishing by 1, in each term, to the right, to the last tenn, 
where it is 0. 

2. TJie coefficieyit of the first term is 1 / that of the 
second term is equal to the algebraic sum of the roots 
with their sig7is changed; that of the third term is equal 
to the algebraic sum of the different products of the roots 
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vnth their signs changed^ taken in sets of 2 ; and so to 
the coefficient of the last teryn^ ichich is equal to the 
continued product of the roots with their sig?is changed. 

By a process entirely analogous to that employed in 
demonstrating the Binomial Formula, which is unnecessary 
to repeat in this place, it may be shown that, if the 
laws above enunciated hold true for the formation of the 
product of m binomial factors^ they will also hold true 
for the formation of the product of m -{- 1 such factors. 

But the laws for the formation of the product of 
three factors have been shown true by actual multipli- 
cation ; henoe, they are true for the formation of the 
product of four factors. Being true for four factors, 
they must be true for five. Being true for five, they 
must be so for six; and so on, by successive deduc- 
tion, to any desired extent: hence, they are true foi 
any number of factors. Hence, we have the following 
rule for forming an equation when its roots are given. 

RITLE. 

I. !I7ie exponent of the unknown quantity in the first 
term is equal to the number of roots, and goes on 
diminishing by 1, in each term, to the right, to the 
last term, where it is 0. 

II. The coefficient of the first term is 1. To find 
the remaining coefficients, change the signs of all the 
roots ; find the algebraic sum of the results, and it 
will be tJie coefficient of the second term ; find the 
algebraic sum of the different products of the residts 
taken two in a set, and it will be the coefficient oj 
the third term ; find the algebraic sum of the different 
products of the residts taken three in a set, and it 

12* 
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toiU be the .' coefficient of the fourth term / proceed in 
this way^ to the last term^ which will be equal to th6 
co?iti?iued product of all the results. 

The last term, containing the power of the unknown 
quantity, is called the absolute term. 

IM. If the sum of the positive' roots is equal to 
the sum of the negative roots, numerically considered, 
their algebraic sum will be 0, and consequently the 
coefficient of the second term of the equation will be 
0, and that term will disappear from the equation; con- 
versely, if the second term is wanting, the sum of 
the positive roots is equal to the sum of the negative 
roots. 

EXAMPLES. 

1. Find the equation whose roots are 1, 6, and 9. 

The coefficient of a^, is 1. The coefficient of x\ is 
— 1—5 — 9 = —14. The coefficient of fic, is ( — 1 x —5) 
4- (- 1 X — 9) 4- (- 5 X - 9) = + 59, and the ab- 
solute term is, — Ix— 5x— 9=— 45; hence, the 
required equation is, 

2. Find the equation whose roots are — 3, — 4, — 5, 
and — 6. 

The coefficient of sc*, is 1. The coefficient of aj^, is 
34.44.54-6 = 18. The coefficient of x\ is 3 x 4 
4-3x5 + 3x6 + 4x5 + 4x6 + 5x6 = 119. The 
coefficient of», is 3x4x5 + 3x4x6 + 3x5x6 
+ 4x5x6 = 342. The absolute tenn is, 3x4x5x6 
= 360; hence, the required equation is, 

ic* + 18a;3 + 342aJ + 360 = 0. 
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. 8. Find the equation whose roots are —1, —2, and 3. 

Ans, OD^ — 1x — Q = 0. 

4. Find the equation whose roots are — ^, — J, and 

Y Y 1 

- h ^^' ^' + 8*^ "^ 3^* + 64 ^ ^' 

6. Find the equation whose roots are J, ^, and }. 

31 , 1 1 

Ans. x^ — -rzpcr + -a — —• = 0. 
30 3 30 

The law of formation above illustrated, is of much 
use in investigating the properties of equations and their 
roots, as will be seen hereafter. 

rV. Every equation of the form ( 1 ), whose coefficients 
are fractional^ can be reduced to another equation of the 
same form^ whose coefficients are entire. 

X95* Take the equation, 

111 

a^ + ^ic^ + xT^aJ + TT = 0. 
8 32 64 

Substitute for aj, the fraction ^, in which y is a 

new unknown quantity, and k an arbitrary quantity. 
"We shall have, 

y3 *j yz *I y 1 

k^^ 8 k^^ 32 A? ^ 64 "" 

Multiplying both members by A:^, we have, 

2^' + -8-2^' + 5^2/ + 64 = ^- 

Since k is arbitrary, we may give to it such a value 

^k ^k^ k^ 

as will make the coefficients, — , — , and — , whole 

' 8 ' 32 64' 

numbers. This can always be done ; because, if we 
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make h equal to the least common multiple of the denom- 
inators, the different powers of k will be divisible by 
the denominators separately, and consequently, the coeffi- 
cients will be whole numbers. Making k z=i 64, the last 
equation becomes, 

y3 + 56y2 + 896y + 3096 = 0. 

It often happens, that a less value of k will make the 
coefficients entire, as in the above example. Resolving 
the denominators into factors, the coefficients become. 



We see that k = 2.2.2, will render all of these 

entire, givmg, 

Y, 14, and 16. 

Hence, the transformed equation is, 

yi 4. 7y2 ^ X4?/ + 16 = 0. 

If the roots of the last equation were known, those 
of the given equation might be found, by dividing each 

by 8, smce a; = 3 • 

o 

EXAMPLES. 

1. Transform the equation, Q^---^-\-—tX'--~ = 0, 

^ ' 3 36 72 ' 

into one whose coefficients are entire, that of the first 
term being 1. 

Making x = ^^ and multiplying both members by I;^^ 
^ 3 ^ 36 72 " \ 



'■ V 
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The fractional coefficients, when their denominators are 

Stored, are, 

nk 11A;2 ^ 25^^ 
— ; - , , and • 

*' Z • Z ,o , ^ 2.2.2.0.U 

Making A? = 2 x 3 = 6, these coefficients become, 

— 14, 11, and —75. 

Hence, the transformed equation required is, 

2/3- 14y + lly ~ 75 = 0. 

The roots of this equation, divided by 6, give the 
roots of the assumed equation. 

41 1 1 

2. Transform 7?— --t^ A- -x = 0, into one 

30 3 30 

whose coefficients are entire. 

Ana. y3__ 41^2 ^ 3ooy — 900 = 0. 

2 11 

3. Transform the equation, aj^ — -^r^-V ^^""77; = ^? 

into one having entire coefficients. 

Ans. 2/3 __ i22/2_f_ Y50y _ 84375 = 0. 

4. Transform the equation, ^ + 7 ^^ + 7^^+^ =0? 

into one whose coefficients are whole numbers. 

Ans. y3 4. 2/2 ^ y _l_ 1 __ ^ 

V. Any equation of the form ( 1 ), may be trans- 
formed into anotJier of the same form,^ in which the 
roots are any given multiple of those of Equation ( 1 ). 

196. For, substituting in (1), | for », and multiply- 
ing through by A;", we have, 
y»4.;^<n-.i ^ ;j;2g2/n-2 4. .... -^ k^-Hy+Jc^'u = 0; (9.) 
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an equation of the proposed form, having its roots h 
times as great as those of (1), since y ^' kx by 
hypothesis; k may be entire or fractional. 

EXAMPLES. 

1. Transform the equation, a;^ — Yaj + 12 = 0. into 
another in which the roots are twice as great. 

Then, a; = - , and the resulting equation is, 
T - TT + 12 = 0; or, y" - Uy + 48 = 0. 

2. Transform the equation, aj^ — 4a5 — 21 = 0, into 
another whose roots are three times as great. 

Am. y2 _ \2y — 189 = 0. 

3. Transform the equation, a;^ — 4a5 — 32 •= 0, into 
one whose roots are half as great. 

Arts, y"^ — ^y — 8 =0. 

4. Transform the equation, ar* -f 11a; + 28 — 0, into 
one whose roots are twice as great. 

Ans, y^ + 22y + 112 = 0. 

5. Transform the equation, aj^+io'— 12a;2— 64a5— 64 = 0, 
into one whose roots are half as great. 

Ana. y* + 2y3 — 3y2 — sy — 4 = 0. 

VI. Any equation of the form ( 1 ), may he reduced 
to another equatio9i of the same form, whose roots differ 
from, those of the given equation by any given quantity. 

197. For, making in Equation ( 1 ), x = y -\- r, in 
which y is a new unknown quantity, and r an arbi- 
trary quantity, we have, 

(y + ^)" + JO (y + ry- 1 + , . . « (y -f r) + w = 0. 
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Developing the different powera of the binomial, y -}- r, 
by the Binomial Formula, arranging according to the 
powers of y, and denoting the coefficients of the /i — 1, 
w — 2, &c., powers of y, by p% q', &c., we have, 

y« -f ^'y»-l + ^'ynr-2 + . . . + sY + t'y -^ u' = 0, ( a). 

an equation of the proposed form, whose roots differ 
from those of ( 1 ) by r, since y = aj — r, by hypo- 
thesis. 

The operation of making this transformation is some- 
what tedious, but a simple rule may be deduced for 
finding the coefficients of the transformed equation, 
that will render the transformation sufficiently expedi- 
tious. 

Equation ( a ) was derived from ( 1 ), by making 
X = y + r \ hence, if we make y =. x--r^ in Equation 
( a ), the resulting equation will be identical with Equa- 
tion ( 1 ). Making this substitution, we have, 

(aj— r)« +jo'(a5 — r)«~i + ... + 8\x -' rf -\- f{x -- r) 

+ w' = 0. . . ( 5.) 

Now, if the first member of ( 5 ), or what is the 
same thing, the first member of Equation ( 1 ), be 
divided by x — r, the remainder will be equal to u\ 
the coefficient of y°, in Equation ( a ). The quotient 
obtained is, 

{x — r)«-i +p'{x — r)»-2 -f s\x — r) + ^'. 

If this quotient be again divided by a; — r, the re- 
mainder will be t', the coefficient of y, in Equation ( a ). 
If the second quotient be divided by a; — r, the remain- 
der will be the coefficient of y^ in Equation ( a ) ; and 
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80 on. By continuing the process of successive division, 
the successive remainders will be the coefficients of the 
transformed equation, taken in a reverse order. 



EXAMPLES. 



1. Find an equation whose roots shall be less by 2, 
than those of the equation, a^ — 6x'^ — ^x + 6Q = 0. 



OPEKATION. 



jc3 _ 6a.2 — Yaj -h CO 
a.3 — 2a;2 



4aj^ — 7a; 
4a;2 + 8a; 



a; — 2 




a; - 2 




a;2-- ix - 
a;2— 2a; 


- 15 




a;- 2 


X — 2 



— 15a;-h 60 

~15a;+ 30 

4^ 



— 2a; - 15 

- 2a; -f 4 

- 19 



a; — 2 



Here, we divdde a;^ __ 542 _ ^a; + 60, by a; — 2, and 
find a quotient, a;^ — 4a; — 15, with a remainder, + 80. 
We next divide a;^ — 4a; — 15, by a; — 2, and find a 
quotient, a; — 2, Avith a remainder, — 19. We next 
divide a; — 2, by a; — 2, and find a quotient, 1, with a 
remainder, 0. Hence, the transformed equation is, 



y 



3 



19y+30 = 0. 



The roots of the given equation are, 4, 5, and — 8, 
and those of the transformed equation are, 2, 3, and 
— 5, as may be sho^vn by forming the equations in 
the two cases. 

2. Find the equation whose roots are greater by 1, 
than those of the equation, x^ -f 4a;2-[- 5a; -h 7 = 0. 
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< 

a;3 4- 4a;2 + 5a; + 7 


OPERATION. 

X 4- 1 


'x-{-l 




0^+ x^ 


a;2 + 3a + 2 




3a;2 -I- 5x 

Sx^ + Sx 

2x+1 
2a; + 2 


X^ + X 


x-\-2 
x+l' 
1 


x+l. 


2a; + 2 

2a; + 2 




1 



Hence, the equation required is, 

y3 + y2 + 6 = 0. 

3. Find the equation whose roots are less by 1, than 
those of the equation, ar' — Ya; + 7 = 0. 

A?is. y^ + 3y2 — 4y -f 1 = o. 

4. Find the equation whose roots are greater by 10, 
than those of the equation, x^+ ^2qi^-\- 663a;24- 4664a; = 0. 

Ans, y* + 2y3 + 3y2 + 4y — 12340 = 0. 

198. The operation of successive division may be 
greatly abridged by the method of synthetic division, 
which will now be explained, as far as necessary for our 
purpose. 

If a polynomial of the form, 

a;" + jixB**-^ + $'a;"-2 + . . . «b2 + to + w, 

be divided by a binomial of the form, x —r^ or x + r^ 
the quotient will be of the form, 

and the remainder will be independent of x. 

Now, as our object is to find the remainder, we need 

13 
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only consider the coefficients in the dividend, divisor, 
and quotient. To illustrate, let us take Example 1. 
Writing dowTi the coefficients only, we have. 



OPERATION. 



1 — 6 — 7 -f 60 
1 — 2 



- 4- 

-4 -f- 


1 
8 


"■■ 


15 + 60 
15 -f- 30 



1 


- 2 




1 


— 4 — 


15 


1 


- 2 






— 2 — 


15 




-2 + 


4 



1-j ' 

1-2 11—2 



; 1 - 2 II 

- 19 






+ 30 

Here, we have found the first remainder, 30; and the 
quotient might be obtained by annexing the successive 
powers of ar, from x^ down to a^\ to the several coeffi- 
cients of the quotient ; but, for our purpose, this quotient 
is not needed; for the process may be continued, as indi- 
cated above, till all of the remainders are found. 

This operation may be abbreviated; for, on examining 
the pi'ocess, we see that the first .term of the quotient in 
each division is 1 ; the second term of the quotient is 
obtained by multiplying the first term by the second 
term of the divisor, and subtracting the result from the 
second tenn of the dividend ; or, what is the same thing, 
by multiplying the first term of the quotient by the 
second term of the divisor with its sign changed, and 
adding the result to the second term of the dividend; 
the third term of the quotient is found by multiplying 
the second term bv the second term of the divisor with 
its sign clianged, ;md adding the result to the third 
term of the dividend ; and so on, till the last term of 
the dividend has been used : the last result is the 
remainder required. 
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The above process, when written out, takes the form, 

1—6—7+60 I -h.2 

4- 2 — 8—30 
1st quotient, 1—4—15,-1-30 Ist remainder. 

+ 2—4 
2d quotient, 1—2,-19 2d remainder, 

+ 2 
Zd quotient, l,+ 3c? rem>ainder. 

Here, we have changed the sign of the second term 
of the divisor, and dropped the first term entirely. 
The first term of the first quotient is 1 ; multiplying 
1 by 2, we find 2, which we write under — 6, and 
adding — 6 and + 2, we find — 4, which we write 
for, the second term of the quotient ; multiplying — 4 
by 2, we find — 8, which we write under — 7, and 
adding — 7 and — 8, we get . — 15, which we ^viite 
for the third term of the quotient ; multiplying — 15 
by 2, we get — 30, which we place under 60, and 
adding, we get 30 for the first remainder, which we 
point off by a comma. 

Commencing the second division, we write 1 for the 
first term of the quotient ; multiplying by 2, and ad- 
ding to — 4, we get — 2, for the second term ; 
multiplying this by 2, and adding to — 15, we get 
— 19 for the second remainder. 

Commencing the third division, we write 1 for the 
first term of the quotient ; multiplying by 2, and adding 
to — 2, we get for the third remainder. 

In the same way, all similar divisions may* be per- 
formed, as shown in the following examples : 

5. Find an equation whose roots are greater by 3 
than those of the equation, 

^ iT.r^ I ^2y' na-r ! nT - o. 



284: ELEMENTS OF ALGEBRA. 

Here, the divisor is aj + 3, and the second term, 
with its sign changed, is — 3. 

OPERATION. 

1 — 17 + 12 — 33 + 67 I -3 . 

— 3 + 60 - 216 4- 747 

1—20 + 72 —249, +814 . . . 1st rem. 

— 3 + 69 — 423 

1 - 23 + 141, — 672 2d rem, 

-3 + 78 

1 — 26 , + 219 Sd rem. 

— 3 

1 , — 29 4:th rem. 

Hence, the equation required is, 

2/* - 29y3 + 219y2 — 672y + 814 = 0. 

It 18 not necessary that the coefficient of the first 
tenn of the dividend should he 1. It may he any 
numher, and in that case the first term of each quo- 
tient Avill he the same numher. 

6. Find the equation whose roots are less by 3, thac 
those of the equation, 

3a;* - 4aj3 + Ix^ + 8a; — 12 = 0. 

OPERATION. 

8—4+ 7+ 8 — 12 I + 3 

+ 9 + 15+66+222 
3 + 5 + 22 + 74, + 210 . . 1st rem. 

+ 9 + 42+192 
3 + 14 + 64 , + 266 2d rem. 

+ 9 + 69 
3 + 23, + 133 Zd rem. 

+ 9 
3 , + 32 Uh rem. 
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Hence, the required equation is, 

3y* 4- 322/3 + 1332/2 + 266y + 210 = 0. 

When any terms are wanting in the dividend, their 
place must be supplied by O's. 

7. Find an equation whose roots are greater by 3, 
than those of the equation, a;* — 2 = 0. 

OPERATION. 

+ 0+0+ 0—2 I —3 
— 3 + 9 — 27+81 



— 3 + 9 — 27 , + 79 . . . l5« rem. 

— 3 +18 — 81 



— 6 + 27 , - 108 2d rem. 

-3 +27 



— 9 , + 54 ^d rem. 

— 3 



, — 12 Uh rem. 

Hence, the required equation is, 

2/* - 122/3 + 542/2 — 108?/ + 79 = 0. 

8. Find an equation whose roots are less by 0.1, 
than those .of the equation, x^ — \ = 0. 

OPERATION. 

1 + 0+0 — 1 I 0.1 



0.1 + 0.01 + 0.001 

1 + 0.1 + 0.01 , — 0.999 . . . . Ut rem. 
+ 0.1 + 0.02 



1 + 0.2 , + 0.03 2d rem. 

+ 0.1 
1 , + 0.3 .......... 3e? rem. 
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' Hence, the required equation is, 

y3 + o.3y2 -f o.03y — 0.999 = 0. 

9. Find an equation whose roots are greater By 3, 
than those of the equation, aj* + 13a^ + aj^ — 11 =0. 

Ans, y* + y3 — 62y2 + 237y — 272 = 0. 

10. Find an equation whose roots are less by 2, than 
those of the equation, aj* — 9a^ + 20a;2 — lOaj — 1 =0. 

Ans, y* — y^ — lOy^ — 6y H- 3 =0. 

If the second term of the divisor used is equal to the 
quotient of the coefficient of the second term of the divi- 
dend with its sign changed, by the exponent denoting 
the degree of the dividend, the last remainder will, from 
the nature of the operations performed, be equal to 0, 
and the second term of the resulting equation will be 0, 
or xcanting. 

16. Transform the equation, a^ __ gaj2 -j_ 73. __ iq = 0, 
80 that the resulting equation shall want the second term^ 

OPERATION. 

1 - 6 + 7 - 10j_2 

4-2 — 8 — 2 

1—4 — 1 , — 12 1st rem. 

+ 2 —4 

1— 2,— 5 2d rem. 

-f 2 
1 , + Zd rein. 

Hence, the required equation is, 

y^ — by ~\2 = 0. 

The roots of the resulting equation are less by 2, than 
those of the given equation. 
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Tftinsform the fbllowing equations, so that the resulting 
equations shall want their second terms : 

17. a^^+ 9a;2— a; -f 4 = 0. Ans. y^— 28y + 61 1:= 0. 

The roots of the resulting equation are less by 3, than 
those of the given equation. 

18. ic*— So^^ ^^.2^ 3a; + 4 = 0. 

Am. y^— lly'^— SSy — 10 = 0. 

VII. Any equation of the form ( 1 ), may be trans- 
formed into another equation of the same form whose 
roots are equal those of the given equation^ loith their 
signs changed. 

199, For, if in ( 1 ), we make a; = — y, there will 
result the equation, 

(-2/)"+i>(-2/)"-' +&C. + ^(-y) + w = 0; (10.) 

which is of the proposed form. The following examples 
show what changes will result in making the proposed 
transformation. 

First^ when the degree of the equation is even, as, 

«< + 2a3 __ 7a;2 _^ ^ _ 8 = 0. 

Making x •=. — - y, we have, 

y* ^ 2a^ — 1y^ — y — S = 0. 

Here, the coefficients of the terms remain numer- 
ically the same as before, but the signs of the coefficients 
of the odd powers are changed. The same will hold 
true in all equations of an even degree, when thus 
transformed. 

Secondy when the degree of the equation is odd, as, 
a:5__Y^^a^__2a2 — a; — 1 = 0. 
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MaMng a; = — y, and dividiDg both members by — 1, 
we have, 

y^ + V + y3 + 2y - y + 1 =0. 

Here, the nmnerical values of the coefficients remain 
the same, but the signs of the coefficients of the even 
powers are changed. The same will hold true in all 
equations of an odd degree, when thus transformed. 

In both cases, the transformation may be made by 
changing the signs of the second, fourth, sixth, &c^ 
terms. We have supposed the equation complete ; when 
it is incomplete, the wanting terms must be supplied 
by O's, in making the transformation by the last rule. 

Vin. Any equation of the form ( 1 ), may be trans- 
formed into another equation of the same form^ whose 
roots shall he equal to the reciprocals of those of tJie 
given equation, 

200. For, substituting - for a;, in Equation ( 1 ), 
we have, 

\ p a s t 

y" y yn - 2 ' y y 

Multiplying both members of this equation, by — and 
writing the terms in an inverse order, we have, 

u u u u U ' V / 

which is of the required form. The coefficients are 
found by wi-iting those of the given equation in an 
inverse order, and dividing each by the absolute term. 
When any terms are wanting in the given equation, 
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the one at the same distance from the other extreme 
will be wanting in the required equation. 

EXAMPLES. 

Transform the following equations into others whose 
roots shall be the reciprocals of those of the given 
equations. 

1. jb3 + 3a;2 + Qa; + 3 = o. 

Ans. y3 + 3y2 + y + I _ 0. 

2. 4a5* + 6^3 + 2a; + 2 = 0. 

Ans. y* + 2/3 + 3y + 2 = 

3. 7iB2 — 7a; — 2 = 0. Ans. y^ + iy — i = 0, 

The various transformations that have been explained, 
are of frequent use in solving equations of the form 
of Equation (1.) 

DERIVED POLYNOMIALS AKD DERIVED EQUATIONS. 

201. A Derived Polynomial, is one that may be 
derived fi-om a given polynomial, by multiplying each 
term by the exponent of the leading letter in that term, 
and then diminishing the exponent of the leading letter, 
by 1, in each result. The derived polynomial is generally 
called the derivative; and that from which it is derived 
is called the primitive. Thus, x^+ 2x'^+ 3a; -j- 1, being s 
given primitive polynomial, its derivative is, Sx^-^- 4x + J 

303. A Derived Equation, or a derivative equatio7t 
is one whose members are derivatives of a given equa 
tion. Thus, Sx^+ 2a; + 5 = 0, being a primitive equation 
its derivative is, 6a; + 2 = 0. 
13 
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EXAMPLES. 

Find the derivatives of the following equations : 

1. a^+3a;2-f-2 = 0. Am. 4x^+Qx = 

2. ar» -h 6^3 4- 20a;2 + lo = o. 

Ans, 4jb3 + 18iB2 + 40a5 = 0. 

The derivative of the general equation, 

a;"+^'»-^+(2'aj"-2+ . . . +sx'^-\-tX'\-u = o> (1.) 
is, 

na;»-i4.(?i— l)jt%c»-'2 -\- {n—2)qx'*-^ -[- ...+2sx+t =j 0. (12.) 

This equation is used in determining whether Equation 
( 1 ) has equal roots. 

Equal Moots. 

203. We have seen that the first member of Kquation 
( 1 ) is composed of as many binomial factors of the 
form, aj — rt, x — b^ ifec, as there are roots, each of 
which corresponds to a root of the equation. When the 
equation has two roots equal to a, there will be two 
factors equal to aj — a, that is, the first member will be 
divisible by {x — aY \ when there are three roots equal 
to a, the first member will be divisible by {x — a) 3, and 
so on. In order to deduce a general rule for determining 
whether an equation has equal roots, and for freeing it 
of them, let us resume the general equation, 

•x^ -h joaj" - ^ + qx^ ~ ^ + ... -\- sx^ -\- tx -{- u = . . ( 1). 

Substituting y + ^ for a, we have, 

(y + rY 4- ??(2/ + r)" - ^ + g'(y + r)'»-2 4- ... +5(y -f r)^ 

-\- t{t/ + r) +u = 0. 

Develop'i.g che different powers of y + r, by the Bino- 
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mial Formula, and arranging the result according to the 
ascending powers of y, we have, 



r« 


yO _^ ^^n - 1 


j^pj.n-l 


+ (n— l);?r«-2 


• 


• 
9 


• 


• 
+ 2sr 


+ tr 


+ t 


+ w 





y + 



• • • 



H- y»= . . (a.) 



In this equation, the values of y are equal to the 
values of aj, in Equation ( 1 ), each diminished by r, 
since, by hypothesis, we have, 

X = y + r ; whence, y = x — r, 

Now, r is entirely arbitrary; we may therefore assign 
to it a value at pleasure. If we suppose r to be a 
root of Equation ( 1 ), the coefficient of y°, in Equation 
( a ), will be equal to 0, because that coefficient is 
what the first member of ( 1 ) becomes, when r is sub- 
stituted for X (Art. 189). Making this coefficient equal 
to 0, and dividing each of the remaining terms by y, 
we have, 



nr 



n-l 



4- 


(7i- 


l)pr^- 


-2 


+ 


{n- 


• 
• 


-3 


+ 


2sr 


» 




+ 


t 







y®+ .... +y"-^ = . . (5.) 



Now, the n — I roots of Equation ( J ), are equal to 
the different values of a — r, in Equation ( 1 ), that is, 
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to the results • obtained by subtracting the root r of 
Equation ( 1 ), from each of the other roots in succession. 
I^ therefore, Equation ( 1 ) has two roots equal to r, 
one of these differences will be equal to 0, that is, one 
of the roots of Equation (5), will also be equal to 0. 
But, when a; — r is equal to 0, that is, when y is equal 
to 0, all of the terms of Equation (5), except the first, 
reduce to 0, consequently that term must be separately 
equal to ; or, 

fif^-i 4- (n — l)jor»~^ + (n — 2) ^r""*^ + 

. . . + 25r + ^ = ( c.) 

Comparing this equation with Equation ( 12 ), (Art. 202), 
we see that it is what the derivative of Equation (1) 
becomes, when for x we substitute r. Hence, we con- 
clude that when Equation ( 1 ) has two roots equal to 
r, its derivative has 1 root equal to r; and conversely, 
when the derivative has 1 root equal to r, the prim- 
itive has 2 roots equal to r. 

By a similar course of reasoning, it may be shown 
that, when Equation (l) has 3, 4, 5, ifcc, roots, each 
equal to r, its derivative has 2, 3, 4, ifcc, roots, each 
equal to r; and conversely, when the derivative has 

2, 3, 4, ifec, roots, each equal to r, the primitive has 

3, 4, 5, ifec, roots, each equal to r; that is, when the 
first member of the given equation is divisible by 
(x — r)^, (x — r)^, <fcc., the first member of its deriva- 
tive will be divisible by aj — r, {x — r)\ &c., and the 
reverse. 

Hence, we have the following rule to determine 
whether an equation has any equal roots, and to free 
the equation from them when any exist. 
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RULE. 

Find the derivative equation. Then apply the rule for 
the greatest common divisor to the first mem^hers of the 
primitive and derivative equations. If no common 
divisor is founds tJie equation has no equal roots. If 
a common divisor is founds divide both memSers of 
the given equation by it^ and the resulting equation 
will have no equal roots. 

The operation of finding the equal roots, consists in 
placing the greatest common divisor found equal to 0, 
and solving the resulting equation. When this can be 
done, the equal roots may all be found. For each sin- 
gle root of the resulting equation, there will be two 
equal roots in the primitive equation ; for each pair of 
equal roots in the resulting equation, there will be three 
equal roots in the given equation ; and so on, as indi- 
cated in the preceding discussion. The equation found, 
by placing the greatest common divisor equal to 0, is to 
be treated, in all respects, like an original equation ; and 
of course, the process for equal roots may be applied to 
it; and so on, indefinitely. 

EXAMPLES. 

1. Eliminate the equal roots from the equation, 
a^ — 27a;3 + 22ic2 4. \^2x — 288 = 0. 
The derivative equation is (Art. 202), 
5«* — 81a;2 + 44a; + 192 = 0. 

The greatest common divisor between the first mem* 
bers of the given equation and its derivative, is, 
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(a; — 3) (aj + 4). Dividing both members of the given 
equation by this, there results the equation, 

x^ — x^— 14a; + 24 = 0, 

which has no equal roots. 

If we place the common divisor equal to 0, we have, 

(a; — 3) (aj + 4) = 0. . • . a; = 3, and a; = — 4. 

Hence, the given equation has two roots equal to 3, 
and two roots equal to — 4. Dividing both members of 
the given equation, by (a; —3)''' {x-\- 4)^, there results, 

a; — 2 = 0. . • . a; = 2. 

The given equation is completely solved, and, in like 
manner, many other equations may be treated. 

2. Eliminate the equal roots from the equation, 
jc* _ 5a;3 _j. 9aj2 _ Ya; + 2 = 0. 

The derivative equation is, 

4a53— 15a;2+ 18a; — 7 = 0. 

The greatest common divisor of the first member is, 

Hence, the required equation is, 

a;2 — 3a; + 2 = ; 

which may be solved by known rules. The roots of 
the given equation are, 1, 1, 1, and 2. 
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SOLUTION OF HIGHER EQUATIONS. 

204. Whenever an equation of the form ( 1 ) has 
equal roots, it may be freed from them by the pre- 
ceding pi-inciple, and the resulting equation will be of 
a lower degree than the primitive one : which is always 
to be desired. We shaU, in what follows, suppose that 
the equation in question has been freed of its equal 
roots. 

It was shown, in Ait. 192, that the absolute term 
of an equation of the form ( 1 ), is always equal to the 
continued product of the roots with their signs changed. 
When this absolute term is a whole number, and it may 
always be made so (Art. 195), and any root is a whole 
number, it may often be foimd by trial ; for, we may 
resolve the absolute term into its factors, and then, by 
the process of synthetic division, we may see whether the 
first member of the given equation is exactly divisible by 
the unknown quantity, increased by either of these fac- 
tors ; if so, that factor, with its sign changed, is a root 
(Art. 192). If the first member is not divisible by the 
unknown quantity, increased by any one of the factors, 
then the equation has no entire roots. 

EXAMPLES. 

1. Find the entire root m the equation, 

x^ + 3a;2 4- 9a; — 38 = 0. 

The divisors of — 38 are, ± 1, ± 2, d= 19, ± 39. 

We see, at a glance, that neither + 1, nor — 1, will 
satisfy the equation; hence, neither — 1 nor + 1, can 
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be a root. Applying the rule for synthetic division, we 

have, 

1 4. 3 4. 9 — 38 I 2 

+ 2 + 10 + 38 
1 + 5 + 19, + 0. 

Hence, the first member is divisible by a; — 2, and 
+ 2 is a root. Dividing both members of the given 
equation by a — 2, we have, 

a;2 _|. 5a; 4. 19 = 0; 

which can be solved by known rules. Both of its 

1 * 6 + v"- 51 , 

roots are imagmary, one equal to ^ , and 

— 5 — -/- 51 
2 

2. Find the entire root of the equation, 

x^ —12x2 + 4ic + 207 = 0. 

The divisors of 207 are, 

±1, ±3, ±9, ± 23, ± 69, and ± 207. 

Testing each divisor, we find that the first member of 
the given equation is divisible by a; — 9. Hence, 9 is 
the root required. 

When freed of this root, the given equation becomes, 

x^ — 3aj — 23 = 0, 

, . V . ^, ^ 3 + -/ioT , 3 - yToi 

which gives the roots, , and ^-' • 

In the same way, the following equations may be 
solved : 

3. aj3 4. 3^2 _ (5aj _ 8 = 0. 

Arts. X* = 2, ic" = — 1, and a;'" = — 4. 
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4. a^ + dx — 1430 = 0. 

y = n, ." = -" + /=^^ and «" = -"-f^. 

5. ^3 _ 1 _ 0. 



a,. ^ 1, a,» = ^1+ VEI, and x" = ZlL' /^^ . 

An equation of the form ( 1 ), whose coefficients are 
entire, has no roots that are irreducible fractions. For, 

if so, suppose one of these roots to be of the form ^, 
an irreducible fraction. 

Substituting this fraction for a;, in Equation ( 1 ), and 
transposing all of the terms, except the first, to the second 
member, we have. 

And multiplying both members by 5"-^ we have. 

The first member of this equation is an irreducible 
fraction, and the second member is entire: which is 
manifestly impossible. Hence, the supposition that a root 
can be an irreducible fraction, is absurd. 

IMAGINARY ROOTS. 

205. The imaginary roots of an equation are of the 

form, a ± J-v/— 1. 

It may be shown that imaginary roots always enter 
by pairs, that is, if a+5\/^l, is a root, then will 
a — J-y/^, be a root, also. For, substituting a + h^/^^ 
for «j, in Equation ( 1 ), we have, 

(a + 5 V- 1)" + piO' + b V- 1)'* - ^ + 
. . . -\-t[a-\-l \ — I) +u = ; . . . (a.) 
13* 
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If wc develop the different powers of a -[- b y^— 1, 
by the Binomial Formula, and perform the operations indi- 
cated, the first member will be made up of two kinds of 
terms, real and imaginary/. The imaginary terms arise 
from the odd powers of b \/ — 1^ and consequently 
(Alt. 138), they contain no other imaginary fe,ctor than 
\/— 1. Hence, denoting the sum of the real quantities 
by m, and the sum of the coefficients of the factor, 
l/— 1, by ?i, the preceding equation becomes. 



m + n y-^ 1=0 . . . . ( 5.) 

But, from Principle 2, Ait. 138, Equation (5) can 
only be true, by making m = 0, and /i = 0. 

If we substitute a — 5-/— 1, for a^ in Equation ( 1 ), 
and perform the operations indicated, the result wiU 
differ from that expressed by Equation (d), in the signs 
of the odd powers of 5-v/^^T. Hence, the resulting 
equation will be, 

m — 71 y — 1 =0 • . . . ( c.) 

But, we have shown that m = 0, and n = ; hence. 
Equation ( c ) is satisfied ; and consequently, the sub- 
stitution oi a — h^J — \ for aj, in Equation (1), satisfies 
it, which shows that a — h^/^\ is a root. 

Now, ifa + ^y^— 1, is a root of Equation ( 1 ), the 
first member must be divisible by a; — (a + ^y"^^) ; 
and from what has just been proved, it must also be 
divisible by cc— (a — 5^— 1); and consequently, by 
the product of these factors. But, the product of these 
two factors is a^vays positive for all real values of x 
(Principle 3, Art. 138). We may, therefore, conclude 
that the number of imaginary roots is always even^ 
since they enter by pau's; and that the product of all 
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the binomial factors, corresponding to imaginary roots, 
will remain positive for all real values of x. 

An easy method of determining the number of real 
roots of an equation, and consequently, the number of 
imaginary roots, is due to Sturm, and is called Sturm's 
Theorem. The limits of the real roots may also be 
determined by this theorem. 

Sturm's theorem. 

206. If we denote the real roots of Equation ( 1 ), 
by a, 5, c, &c., and suppose them arranged according 
to their values, so that a shall be the smallest alge- 
braically, that is, nearest to — oo, 5 the next smallest, 
and so on ; and if we denote the product of all the 
factors corresponding to imaginary roots, which is always 
positive, by J^ Equation ( 1 ) may be written, 

{x — a){x~b){x-c)...Yz=0 . . ( 13.) 

If we suppose cc = — oo , each of the factors (a;— a), 
(x— 6), ifcc, will be negative ; and the first member will 
be negative, when there are an odd number of real roots, 
and positive when there are an even number. If we 
suppose x to increase from — oo towards + oo , as- 
suming in succession every possible value, the sign of the 
first member of ( 13 ), will remain unchanged, until x 
becomes equal to a, when the first member becomes 
equal to 0. For all values of x between, a and by 
the factor x — a will be positive, and all the remaining 
ones will be negative ; hence, the product of all the 
fiictors, or the first member of (13), will have a difierent 
sign from what it had before, that is, the first member 
changes its sign fi'om 4- to -- , or from — to + , when 
the value of x passes over the real root a. When x 
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becomes eqaal to 5, the first member again becomes (X 
For all values of x between b and c, the first two 
factors are positive, and all the remaining ones negative. 
Hence, in this case, the sign of the first member is the 
same as in the first instance, that is, the sign of the first 
member changes fi'om — to + > or from 4- to — , when 
the value of x passes over the real root b. In the 
same way it may be shown, that the sign of the first 
member changes from + to — , or from — to + , as 
often as the value of x passes over a real root, and 
that it does not change in any other case. If in any 
equation of the form ( 1 ), we suppose x to assume 
every possible value, from — oo up to + oo , and de- 
termine the number of times that the first member 
changes sign, we shall have the number of real roots, 
and consequently the number of imaginary roots in the 
equation. The object of Sturm's Theorem is, to show 
the manner of determining the number of such changes 
of sign. 

The demonstration of Sturm's Theorem depends upon 
a few simple principles. 

207. Let the first member of any equation of the 
form ( 1 ), after having been freed from its equal roots, 
(Art. 204), be denoted by JT^ and let the first derived 
polynomial of ^, be denoted by jK^j. If we apply to -Z* 
and JT-i , the process for finding their greatest common 
divisor, differing only in this respect, that instead of using 
the successive remainders, as obtained, we change their 
signs^ and also take care neither to introduce nor reject 
any factor except a positive one^ we shall ultimately 
arrive at a remainder independent of x. There will be 
no common divisor, for the reason that we have supposed 
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the equation, JC = 0, to have been freed of its equal 
roots (Art. 204). Let us denote the several remainders, 
with their signs changed, by -X^ , -Z^ , ... -X^ , and the 
corresponding quotients by §i , §2 ? $3 • • • $r • From 
the nature of the process, we shall have the following 
equations : 



-Xn — 1 — -^tt V» — -^« 



+ 1 



-A.r — 2 — -^r — 1 Vr — 1 — -^r • 

Now, it is evident that no two consecutive values 
of the expressions, -XJ JCy^ , -X^ , &c., can become 0, 
for the same value of x ; for, suppose that for x :=z a^ 
we have, Xn-i^ and JCn-^t ^^^^ equal to 0, then, 
from the relation between these expressions and JCn + 1 , 
the latter expression will also be equal to ; and froni 
the next equation, the expression, Xn + 2') ^^ th^n be 
equal to 0, and so on to the last equation, which will 
give -X^, also equal to 0, which is impossible. Of 
course, X" and ^^ cannot both be 0, for the same 
value of cc, since the equation -X" = has been freed of 
its equal roots. Hence, the following principle : 

1. If any numbers " be substituted for x, in the 
expressions^ -Xj -Xi, -X^, cfec, it is impossible that any 
two consecutive ones can reduce to at the same time. 

By examining the preceding group of equations, we 
see that if any value of x reduces one of the expres- 
sions to 0, the preceding and succeeding ones must have 
contrary signs; thus, \f x = a makes -Xi, equal to 0, 
then, for the same value of a, the values of -Xi _ j , 
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and JTn + i^ must have contrary signs. Hencje, the fol 
lowing principle : 

2. If any number he substituted for a, in the 
expressiofis^ -Y, J^i, cfec, which reduces one of them 
to 0, the preceding and following ones will have conr 
trary signs for the same value of x. 

If we denote the value of -X, when we make x 
equal to r + y, by the symbol (Jr),_^4.y, we shall have, 
fi'om Equation (a), Art. 204, 

(X)..,+, = A + A^y + A^Y + Ac, 

in which A denotes what -X' becomes, when x is replaced 
by r ; A\ what JT' becomes, when x is replaced by r, 
Ac. Now, if we suppose r to be a root of the equa- 
tion, -X = 0, we shall have A = 0^ and and the pre- 
ceding equation becomes, 

(X),.. + , = 2/ (^' + ^"y + &c.). 

Now, it is plain, that a value may be given to y 
so small that the sum of all the terms within the paren- 
thesis after A\ shall be less than A' ; for, if y be made 
inappreciably small, then will A'^y be inappreciably small 
in comparison with A\ which is finite ; and since the 
following terms contain higher powers than the first, each 
will be inappreciably small with respect to A'^y ; and 
because the number of terms is finite, the sum of all 
after the first must be less than the first : which was 
to be shown. Hence, when y is inappreciably small, the 
sum of the terms within the parenthesis must have the 
same sign as A\ Now, if we make y inappreciably 
small, first positive, and then negative, we shall have, 

(X)._. + , = +2/ (^' + ^"2/+ &c.) 
and 

(X), = -y(A'-hA'' + y &c.) 
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When y is positive, the sign of the second merabei 
will be tlie same as that of A\ and consequently the 
sign of the first member must be the same as that of 
A' ; but when y is negative, just the reverse will ob- 
tain. Hence, the following principle : 

Z, If a value for jb, inappreciably smaUer than one 
of the real roots of the equation^ X =. 0^ be substiticted 
for cc, in the expressions^ JPi JPi, -X^, cfec, the cor- 
responding values of JT, and its derivative X^ , wiU have 
the contrary signs / and if we substitute for a;, a value 
inappreciably greater than one of tJie real roots, the 
signs of X and X^ will be the same, 

aO§. Let us arrange the expressions, X, X^ , X^ , . . . 
Xn . . . -Z^ , in a row, and then substitute in each the 
same value for a;, writing beneath each the resulting sign. 
Some of these signs may be positive and some nega- 
tive, and the positive and negative signs may occur in 
any order. Now, in passing along the row, whenever 
two consecutive signs are alike, there is said to be a per- 
manence, and whenever two consecutive signs are unlike, 
there is said to be a variation. 

Let us next see what changes take place in the 
number of permanences and variations, when x is made - 
to increase, by inappreciably small increments, from 
— 00 up to + 00 ; we shall find, in succession, values of 
JB, which reduce some of the expressions to ; but, 
from Principle 1, no value will be met with that will 
reduce two consecutive ones to at the same time. 

Now, there may be two cases : first, when X reduces 
to ; and secondly, when any one of the other expressions 
reduces to 0. When X reduces to 0, the corresponding 
value of a; is a real root of the equation, X = 0; for 
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the value of x immediately preceding this root, X" and 
J^i have contrary signs, and there is a variation; for 
the value of x immediately following this root, ^ and 
Jl^ have the same sign, giving a permanence. Hence, 
when X passes over a real root, there is a variation 
lost, or changed into a permanence. When any of the 
expressions, Jl^^ J[^2^ ^^"> reduce to 0, the preceding 
and following ones have contrary signs (Principle 2) 
and there is a variation. Now, for the values of a 
immediately preceding and following this one, the expres- 
sions immediately preceding and following the one that 
reduces to 0, will still have contrary signs ; and "whatever 
may be the sign of the middle one, there will still he 
one variation in passing over the three, and but one. 
Hence, we conclude that there is no variation either lost 
or gained, when x passes over a value that reduces any 
of the expressions after JT to 0. Taking the whole row 
of signs together, there "will be one variation lost, and 
only one, every time that the value of x passes one of 
the real roots of the equation. Hence, 

If we substitute, in the first place, for x, — oo, and 
then + 00, writing down the corresponding signs in a 
roio, the nuniber of variations in the first row, dimin- 
ished by the nuniber of variations in the second row, 
will be equal to the number of real roots in the given 
equation. 

This is Sturm's theorem. 

As an example, let it be required to find the number 
of real roots in the equation, 

x" — 12x2 + 12a; — 3 = 0. 

Here, we have, X =i x^ — lly?' -}- 12a; — 3. Finding 
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the derivative of X^ and suppressing the &ctor, -|- 4, 
we have, Xi = a;^ — 6a3 + 3. Dividing X by X^ , we 
find, for a remainder, — 6x^ + 9a3 — 3 ; suppressing the 
factor, 4- 3, and changing the sign of the result, we 
have, X2 = 2x^ — 3a; + 1. Multiplying X^ by 4, and 
dividing by Xg, we have, for a remainder, — I7aj+ 9 ; 
changing the sign, we have, X^ = llx— 9. Multiplying 
X2 by 289, and dividing by Xg, we find, for a re- 
mainder, — 8 ; changing the sign, we have, X^ = 8. 
Writmg these expressions in a row, and substituting 
— 00 , and then -f oo for a, we have the results indi- 
cated below. 

25=— 00. 05=4-00. 

X = a* — 12052 -1-1205 — 3 4- , + 

Xj = a;3 — 605 4- 3 — ' 4- 

Xj = 2a;2- 305 4-1 -I- + 

X3 = 1705 - 9 - 4- 

X^= S + + 

In the first case, there are 4 variations, and in th« 
second, there are no variations ; hence, all four of the 
roots are real. 

Sturm's Theorem also enables us to determine the 
places of the real roots. If we substitute for 0;, in the 
above expressions, any two numbers whatever, the num- 
ber of variations corresponding to the lesser, diminished 
by that corresponding to the greater, will give the num- 
ber of real roots between the two numbers. Let us 
begin by making x equal to 0, 1, 2, &c., until we get as 
many permanences, as when 05 = oo ; then make 05 equal 
to — 1, — 2, &c., imtil we get as many variations, as 
when 05 = — 00. We shall have the following results: 

14 
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«=0, x=ly 05=2, a;=3, a=4, aj= — 1, a5= —2, »=— 8 
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Hence, we conclude that two of the roots lie between 
and 4- 1 ; one between 3 and 4 ; and one between 
— 3 and — 4. Here, we have found the values of the 
roots, to within less than 1. The method of completing 
the approximation, will be explained hereafter. 

In the preceding case, we have seen that + 4 gives 
the same nivnber of permanences, as 4- oo ; hence, no 
real roots lie between 4- 4 and 4- oo. We have also 
seen, that — 4 and — oo , give the same number of 
variations; hence, no real root lies between them. The* 
values, — 4 and 4- 4, are called the Limits of the roots 
of the given equation ; the former being the inferior, 
and the latter, the superior limit. 

If we consider the positive roots alone, and 4 are 
the limits. If we consider the negative roots alone, — 4 
and — 3 are the limits. In the same manner, the 
limits of the positive and negative roots of any ^equa- 
tion may be found. It is often useful to determine 
these limits, especially when seeking the entire roots of 
an equation, by the process of Article 205. 

EXAMPLES. 

1. Find the number, the places, and the limits of th« 
real roots of the equation, a^ + ofi + x —- 100 rs 0. 
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OPERATION. 

X = a^ 4- a^ 4- a — 100 

X^ = 30524. 2aj4- 1 

Xj = — 4a5 + 901 

X3 = — 2442627 

aj= — 00 , aj=4-oo , a5=0, aj=l, aj=2, a5=3, aj=4, aj=6, 
Z,- + _-.-.-_ + 

.-yi,+ + + + + + + + 

-^2»+^- + + + + + + 

X3,— — — — — —— — 

Hence, there is one real root lying between 4 and 6, 
wbich are the limits of the root. 

2. Find the number, places^ and' limits of the real 

roots of the equation, 

- » 

«*— 8«3 + 14aj2 + 4a; — 8 = 0. 

Ans. There are 4 real roots; one between and 1, 
• one between 2 and 3, one between 5 and 6, and one 
between — 1 and 0. The limits are •— 1 and 6. 

3. Find the number, places, and limits of the real 
roots of the equation, ^ — 23a;'-- 24 = 0. 

Ans. 3 real roots, one between 5 and 6, one between 
— 1 and — 2, and one between — 4 and — 6, The 

limits are, — 5 and + 6. 

^^ • 

4. Find the number, places, and limits of the real 

roots of the equation, 7^ ■{• -x^ — 2x — b = 0. 

Ana. There is 1 real root, and it lies between the 
limits 1 and 2. 
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1, It is proposed to demonstrate, in this ^pptmdix, 
several useful principles ; such as those employed in Mo- 
toring, the Binomial Theorem for any exponent, the 
method of summing Series, and the like. These prind- 
ples are all of high importance in the more advanced 
portions of the mathematical course ; but, on account 
of their difficulty, it has not been thought best to intro- 
duce their demonstration into the body of the work. 

Principles employed in Factoring. 

1. The difference of the like powers of any two 
quantities^ is always divisible by tJie difference of the 
quantities. 

2. To demonstrate this principle, let a and b denote 
any two quantities whatever, and m any positive whole 
number whatever ; then will cff^ — l^ denote the differ- 
ence between the like powers of any two quantities, and 
a — b the difference between the quantities : If we com- 
mence the division by the rule, we shall have the 
following- operation : 



^w — ^m - 1 J 



a — b 



a«-i 



a« - 1 ^ — J« 
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The remaindei may be fectored, and placed under the 
form, 

Hence, we have the result, 

The second member of Equation ( 1 ) will be entire, 
and consequently, the first member will be entire, when 

T is entire : that is, if the difference of the 

(m — 1)'* powers of two quantities is divisible by the 
difference of the quantities^ tJien will the difference of 
the m'* powers of the two quantities also be divisible by 
the difference of the quantities. 

But, we know that the difference of the second powers 
is divisible by the difference of the quantities, giving for 
a quotient the sum of the quantities ; hence, firom the 
principle above demonstrated, the difference of the cubes 
is also divisible by the difference of the quantities. It 
paving been proved that the difference of the cubes is 
divisible, it follows, from the principle demonstrated, that 
the difference of the fourth powers is also divisible by the 
difference of the quantities. The difference of the fourth 
powers being divisible, it follows, as before, that the dif 
ference of the fifth powers is divisible ; and so on, by 
successive deduction, it may be shown that the division 
is possible when m is any positive number whatever. 
Hence, the principle is proved. 

We found the first terra of the quotient to be, a"»-^; 
and if we perform a second partial division, we shall get, 
for the second teim of the quotient, a^-^b^ with a sec- 
ond remainder, ^^(a'"-^ __ ^-2) j dividing again, we shall 
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get, for a third term of the quotient, a"***^^; and so 
on. We see that the exponent of a goes on diminishing 
by 1, in each term of the quotient, to the right ; whilst 
the exponent of ^, being 0, in the first term, goes on 
increasing by 1, in each term, to the right: the last term 
of the quotient contains a to the power, and b to the 
m — 1 power. Hence, we may write the quotient as 
follows : 

/»»» Am 

«-^ +*"•-' .... (2.) 

If, in Equation ( 2 ), we replace a by c\ and b by 
d% we shall have. 

Whatever may be the value of m, 2m will be an 
even number, and the second member of ( 3 ) will be 
entire ; hence, we conclude that, 

n. The difference of like even powers of any two 
quantities is always divisible by the difference of tJie 
squares of the quantities, 

3. If we multiply both members of ( 3 ), by (c — d)^ 
we shall have 

yi2wi __ /y2wi 

^ = ic-d) (o^'^-S-f c2"»-4(?2_|. ^ ^ 4. c2^2m -44.^72^-2 ■■ 

^ + ^ (4.) 

The second member of ( 4 ) is entire, consequently th/ 
•Irst member is also entire. Hence, 

HI. The difference of like even powers of any ttco 
qjiantitles^ is always divisible by the sum of tlie 
quantities. 
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4. I^ in Equation ( 1 ), we replace a by c*", and b 
by d% we shall have, 

C* — (?* . '^ 

Whatever may be the value of m, the second mem- 
ber of ( 5 ) will be entire. Hence, 

rV. 27ie difference of like powens of two quantities^ is 
always divisible by the difference of any other like 
powers of the two quantities, w/ienever the exponent in 
the first case is exactly divisible by that in the second 
case. 

5. Let us next ascertain, under what circumstances 
the sum of the like powers of two quantities is divisible 
by the sum of the quantities. 

Commencing the operation, we have, 

a"^ + b"^ \a-{- b 



Factoring the remainder, and writing it over the 
divisor, as a fraction, we have, 

a -{- b \ a-^b / ^ ^ 



Now, the second member of ( 6 ), and consequently 
the first member, will be entire, when a*» ~ ^ — b'^~ ^, is 
divisible by a -f ^ ; but from Principle 3, this will be 
the case, when m — 1 is an even number ; that is, 
when m is an odd number. Hence, the following prin- 
ciple : 

V. T/ie sum of like odd powers of any two quantitie* 
is always divisible by the sum of the quantities. 
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6. It will be seen, by inspection, that the form of the 
quotient is the same as that of a"* — J** by a — ^, except 
that the terms are alternately plus and minus ; that is, 

a + b ( Y ) 

An example of the application of each principle is 
given below. 

1. ^""f = a* + a^b + a^b^ -^ay+b\ 

cfi — ¥ 
a^ — 0^ 

«» — ^9 

4. 2^ — ^, = a« + a3J3 + i^«. 
a^ — b^ 

' a + o 

7. It has been shown that, when 771 is a positive 
whole number, we have, 

a — b ' 

in which the quotient has m terms. This is true for 
all values of a and b ; hence, it will be true when 

a = b. In this case, -7- , is a vanishing fraction 

a — 

(Art. 75). Denoting what the first member becomes, 



re- 



-J- 1 , and 

a — /a ~^h 

collecting that each of the terms of the quotient reduces 
to a^''\ we shall have, since there are m terras in the 
quotient, 
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/a--p\ ^ ^^^__^ ... (1.) 

We propose to show, that Equation ( 1 ) is tnie, 
whatever may be the value of m; that is, whether m 
be positive or negative, entire or fractional. 

Mrst, Suppose m to be a positive fraction, equal 
to ■?. 

i 1 P P 

Make a* = jb, and b^ = y ; whence, a^ =z qsp^ ft^ = y', 
a = jB?, and b = y«. 

We shall have, 

p p 

a^ — b^ xP-- yP 

a — b cc? — y? 

Dividing both terms of the second member, by aJ — y, 
we have, 

p p (xP — yp\ 

If we make a = ^, we shall have, a? = y ; in which 

case, the numerator of the second member of ( 2 ) 

becomes, pxP - ^ ; and the denominator becomes qx^ - \ 

by the preceding principle. 

p p 



/gg — b^ \ _ pxP"^ _ p_^_ 



— = ^a^-ff; 



qx^ - 1 q 



JL 



Or, substituting for a5, its value, a^, and reducing, 

p p 



l^-H^) = PJ-\ . . . (3.) 



Hence, the form is true for aU positive values of 
the exponent. 14 
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Secondly. Suppose m to be negative, and eiUier 
entire or fractional ; that is, let m = — w. We shall 
have, 

Since, a""» — i^""** = — a""»ft""» x(a» — J".) 

Now, if we suppose a = 5, the first fiictor of the 
second member of (4) reduces to — -a-^"; and the 
second factor reduces to na^-^^ by the preceding prin- 
ciple. Hence, 

i^ — I = — flr2« X na«-i = — nar''-\ (5.) 

Hence, the form, is true when the exponent is nega- 
tive^ and either entire or fractional. It is, therefore, 
general; that is, the equation, 



\ a — b /«« 



ma^ - ^ , 



is true for all values of m, positive or negative, entire 
or fractional. 

This principle is employed in demonstrating the Bino- 
mial Theorem, in the general case. 

General Demonstration of the Binomial Theorem. 

8. The object of the Binomial Theorem is to show 
how to develop any power of a binomial into a series. 

Let us assume the development, 

(1 ^ZY = P + ^2 4- i222 + /S23+ &C. . ( 1.) 

It is required to find such values for P, §, jR, &c., as 
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shall make Equation ( 1 ) true for all yalnes of m and Zj 

that is, such values as will make Equation ( 1 ) identical 

(Art. 174). 

Since Equation ( 1 ) is to be true for all values of «, it 

must be so when z = 0. Making 2 = 0, in ( 1 ), w;e 

have, 

1 = P, or, P = 1. 

Substituting this value of P in ( 1 ), it becomes, 

(1 + 2)"* = 1 + Qz + -R2^+ Sz^+ &c. . . (2.) 

Since (2) is to be true for all values of 2, we may 
replace z by y, giving, 

(1 +2/)"^= 1 + Cy + ^y'+/S^^+&c. . . (3.) 

Subtracting (3) from (2), member from member, we 
have, 

(1+2)^- (i+y)'»= §(2~y)+i?(22-y')-f &c. . (4.) 

Dividing the first member of ( 4 ), by (1 -f 2) -- (1 + y)> 
and the second by its equal, 2 — y, we have, 

(1-f .)-- (14 -j^- ^ g^p--!=^+ S'^^ -f &c. (5.) 
(H-g)-(l+y) ^ z-y z-y ^ ^ 

If, in (5 ), we make 1 + s = 1 + y, whence z =z y^ 
in accordance with the principle demonstrated in the 
preceding article, we shall have, 

\Z-yl,^y \Z-\-y 1,-y 

Hence, Equation ( 5 ), under this hypothesis, becomes, 
m{\ + z)"-! = Q + 2Bz + ZSz^+ &c. . . (6.) 



816 
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Holtiplying both members of ( 6 ), by 1 I- 2S, it becomes, 



m(l + 2>" = Q + 2^ 

+ Q 



+ 2^ 



2^+ &c. . . (7.) 



Moltiplying both members of ( 2 ), by m, it becomes, 

m{l-\-z)'^=: m-^mQz+mJRz^+mS^-h &c. . . (8.) 

The first members of (7) and (8) are equal, hence, 
their second members are also equal, hence, 



m + mQz + mBz^-^ &c. = § + 2-K 

+ Q 



2 + 3/S 



z^+ &c. 
(9.) 



Equation (9) is identical, that is, it is true for aU 
values of m and z ; hence, from the principle of indeter- 
minate coeflScients (Art. 176), the coeflScients of the like 
powers of 2, in the two members, are equal. Equating 
these coefficients, we have. 



m = Q 






mR = ZS + 2R .'. S = 
The law is apparent. 



m 

m{m — 1) 

172 
m{m — 1) (m 



-2) 



1.2.3 



Substituting these values in ( 2 ), 



(1 -f «)"• = 1 -}- mz -{- 



m.m — 1 



1.2 

m,(m—l)(m — 2) 
1.2.3 



23 + &c. ( 10.) 
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I^ in (10), we replace « by -, and tlien multiply 
both members by a*", and reduce, we shall have, 

(a + b)^= a"»+ ma7^-^b + — '■- — r — a^-W 

which is the Binomial Formula, and is true for any 
value of m, either positive or negative, entire or frac- 
tional. 

By comparing Equation (11) with that of Ait. 104, 
we see that they are of the same form; hence, the 
formula deduced in Art. 104 is general. 

A few examples are annexed, to illustrate the appli- 
cation of the formula above deduced. 

Let it be required to develop the following expres- 
sions: 

a—x\ or, (a — aj)*. 

'^ \ 2a Sa^ 48a3 384a* / 

2. (a^ + 052)* 

^ 2 ^ 8a 48a3 ^ 384a« ^ 



• 7 T? ; 0^*1 ^ X (a — a) " *. 

(a — a)3' ^ ^ 



ulTW. 1 H 1 5-4- r- + ifcc. 

a or a** 

4. ^— — ; or, (1 +«)"* 

Ans. 1 ..- + _-._ + &c. 
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6. (3 - Ix)"^. 

SummcUion of Series, 

9. The SUMMATION of a series is the operation of find- 
ing an expression for the sum of any number of terms 
of the series. The method of greatest general utility, is 
that by differences. Let a, J, c, d, <fcc., represent the 
successive terms of any series. If we subtract each term 
of this series from the following one, we shall thus form 
a new series, which is called the jfirst order of differences^ 
If, in like manner, we subtract each term of this series 
from the following one, we shall form a new series, called 
the seco7id order of differences ; and so on, as exhibited 
below. 

a, 6, c, dy . 6, &c, 

b — dy c — ^, <? — c, e — d 1st order of diff. 
c—2b+a^ d-'2c+by e—2d+c 2d order of diff. 

If we designate the first terms of the first, second, 
&c., orders of differences by c?i, <^, &c., we shall have, 

di = b —- a ,' . b = a + di 

d2 = c — 2b+ a .*. c = a ■\' 2d^ + c/g 

e?3 = a — 3c -|- 3^ — a . • . c? = a -h 3c?i + ^d^ -f- d^ 

If we designate that term of the given series which 
has n terms before it, by T^ we shall find, by continuing 
the operation, 

T- n \ n<l \ '^'(^" "^)^ I n{ n--\){n -2) 

2 ^ a + nd,^ iTr"^ + ^ tt:^ — ^^Yl)' 
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This formula enables us to find the (w + 1)** term, 
when we know the first term, and a sufiicient number 
of the first terms of the successiye orders of dijSerences. 

Let us take the series, 

0, a, a+b, a+b+Cy a+^+c+cf, Ac, ... (2.) 

The first order of differences of the series (2) is the 

series, 

a, bj 0, cf, 4&C., (3.) 

Now, it is clear that the sum of n terms of the series 
(3) is equal to the {n -|- 1)** term of the series (2); 
but the first term of the first order of differences is 
«, the first term of the second order of differences is 
c?, and so on. I^ therefore, we denote the sum of n 
terms of series ( 3 ) by Sy which is the same thing as 
the (ti-I- 1)'^ term of (2), we shall have the value of 
S from ( 1 ), by making a = 0, <?i = a, (2^ = c?! , c^g = c^ , 
&c. Hence, 

^ nin-l)in-2)in- S)^^^^^ (4). 

When all the terms of any ord6r of differences be- 
come equal, each term of every succeeding ordei of 
differences becomes 0, and the formula gives the exact 
sum of the terms. When the terms of no order of 
differences become equal, the formula only gives approx- 
imate results, which will be the nearer true, the greater 
the number of terms employed. 

EXAMPLES. 

1. Find the sum of n terms of the series, 

1«, 2\ -3% 42, 53, Ac. 
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OPERATION. 

Series, 1, 4, 9, 16, 25, 36, Ac 

1st order of difi 3, 6, 7, 9, 11, &c. 
2d order of dif. 2, 2, 2, 2, &c. 
Sd order of diff. 0, 0, 0, &c. 

Here, a = 1, df, = 3, {21j = 2, <?3 = 0, <?^ = 0, &c. 

Hence, by substitution in (4), 

^ , w(w — 1) ^ , n(w— l)(w — 2) 

'2. Find the sum of 8 terms of the series, 

1, 1 + 2, 1 + 2 + 3, 1 + 2 + 3 + 4, ifcc. 

Here, the first order of differences is, 

2, 3, 4, &c. 

And the second order of differences is, 

1, 1, 1, &c. 

The succeeding orders being each made up of zeros. 

Here, w = 8, a = 1, <?i = 2, d^-=z\^ d^ = 0, &c.; 
hence, 

>S= 8 + i^ X 2 +^^ X 1 = 8+56+56 = 120. 

3. Find the sum of 10 terms of the series, 

13, 23, 33, 43, 53, &c. Am. S = 3025. 



C / 
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